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PREFACE 



Hithct»tic8 is such a vast and rapidly expanding field of study that there 
are inevitably many important and fascinating aspects of the subject which, 
though within the grasp of secondary school students, do not find a place in the 
curriculum sing^ly because of a lack of time. 

Many classes and individual students, however, i^ay find time to pursue 
Bttthematical topics of special intexest to them. This series of pamphlets, 
whose production is sponsored by the School Mathematics Study Groui^ is designed 
to make material for such study readlx/ accessible in classroom quantity. 

Some of the pamphlets deal with material found in the regular curriculum 
but in a more extensive or intensive meuiner or frc^ a novel point of view. 
Others deal with topics not usually found at all in the standard curriculum. 
It is hoped that these pamphlets will find use in classrooms in at least two 
ways. Some of the pamphlets produced could be used to extend the work done by 
a class with a regular textbook but others could be used profitably when teachers 
want to experiment with a treatment of a topic different from the treatment in the 
regular text of the class. In all cases, the pamphlets are designed to promote 
the enjoyment of studying mathematics. 

Prepared under the supervision of the Panel on Supplementary Publications of the 
School Mathematics Study Group: 

Professor R. D. Anderson, Department of Mathematics, Louisiana State 
University, Baton Rouge 3, Louisiana 

Mr, Ronald J, Clark, Chaim»n, St. Paul's School, Concord, New Hampshire 03301 

Dr. V. Eugene Ferguson, Newton High School, Newtonville, Massachusetts 02l60 

Mr. Thc^s J. Hill, Montclair State College, Upper Montclair, New Jersey 

Mr. Karl S. Kalman, Rocax 711D, Office of the Supt. of Schools, Parkway at 
21st, Philadelphia 36, Pennsylvania 19103 

Professor Augusta Schurrer, Department of Mathematics, State College of Iowa, 
Oedar Palls, Iowa 

Dr» Henry W. Syer, Kent School, Kent, Connecticut 

Professor Frank L. Wolf, C^rleton College, Northfield, Minnesota 55057 

professor John E. Yarnelle, Department of Mathematics, Hanover College, 
Hanover, Indiana 




A (question which leads us back to an old, but increasingly attractive, 
description of both abstract and applied mathematicSj and also ahead to the 
modem problems of computing machine design. In tvo parts. 

PART ONE: ABSTRACTION 

1. A Statement of Objectives 

2. The Basic Roles of Sequence Arithmetic 

3. Elementary Strategy 
h. Intermediate Strategy 

5. Advanced Strategy 

PART TWO: APPLICATION 

6. First Application: Statements 

7. Second Application: Subsets 

8. Third Application: Signals 

9. Designing a Computer 
10. The Computer in Action 
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Chapter I 
A STATEMENT OF OBJECTIVES 



You can't blame parents for teing a little confused nowadays about viiat 
their chlldi-en are studying in the nare of mathematics. One day it seems that 

1-^-1=2 

which is coaaforting and traditional, but on another day one hears that 

1 1 ^ 10 

which is simple enough when you've been let in on the secret. But then there's 
•throw away two' aritlunetic, in which 

1 1 - 0 

and, as you'll soon discover, a strong case can also be icade for 

1+1=1. 

Ho wonder teachers are often asked wl^iat 'im5dem mathematics' is all about. 

All four or the above answers to the question '1 + 1 7' will eventually 
find a place in these c^iapters. But before even starting on the details let*s 
take Just a few moments for a description of long-range objectives. There are 
many ways of trying to explain what mathematics is really *all about.' One very 
brief definition, having a certain elen^nt of surprise, has over the centuries 
received the blessing of several big-name philosophers. It reads simply, 

'Mathematics is a collection of games.' 

Now thos-e six words shouldn't be expected to carry too heavy a message, and 
hopefully romc ^"^.her exidanation will be welcomed. It could run like thii?. 

'In order to pla^^ '^ny game you first liave to learn certain basic 
rules . The basic rules are the things you need to know even to under- 
stand what particular game is being played- For the familiar, and 
fairly dull, game of Tie^Tac-Toc, three basic rules are more or 
less sufficient. 

1. Players take turns. 

Put your mark in an empty cpace. 
i. First three in a row wins. 

You need to know these basic rules if yoL^re goiuG to rla:^' Ti.--Tac-Toe 
at all. But if this is all that you kriow, you .'ould play the game very 

1 
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bidly. Here is an example of legal, but uninspired, play. 



X 












o 







X 


X 










o 







X 


X 










o 


o 





X 


X 


X 








o 


o 





It's 8 vin for X, but the competition was pitiful. Nobody playc 
Tic-Tac-Toe this badl^ for lon^. As in any other game, once you 
know the basic rules you try to figure out the strategy of the game, 
the things that are nice to know in order to play Gkilfully. Here is 
an example of strategy in TicTac-Toe. Player X has taken the 
center space and player 0 a side. 





o 






X 











X can now guarantee himself a win, in quite a variety of ways. The 
logic is easy, and all Tic-Tac-Toe'players soon think their way through 
victories such as this. 



X is now prepared to win either in column one or in row two, and 
0 will not be able to block both. Knowing this strategy brings X 
his win. 

TiiiB sort or progress, from basic rules to strategy, is typical of most 
games. It's true of chess, poker, tennis and almost any game you can think of. 
It's also tnie of the variois parts of mathematics. Arithmetic and geometry, 
which everyone agrees are parts of mathematics, involve boti, basic rules and 
strategy. It's the custom in mathematics to cell the basic rules axioms and 
the strategy theorems. But the pattern is the same. Starting from the basic 
rules (or axioms) you tiy to figure out the higher strate©- (or theorems) of 
the game, so t^iat youUl be able to play skilfully. The confusion in 'modern 
mathematics* is due to the fact that ti^ere are lotc of ..am^.s other than arith- 
metic and geometry, which are also parts of mathemati -s, but seldom reached the 
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public eye until recently. Children are now beeomiag familiar with some of 
these games, but to parents who never had the chance they must look strange.' 

HopetXilly, this loneer explanation of what mathematicE is will be helpful. 
But to reinforce it, to get a clear view of the game-like nature of mathematics, 
a detailed study of one of its pai-ts is essential. In the following ciiapters 
one of the most important, but lesser known, games of modem mathematics is 
presented. It is called * sequence arithmetic* Its basic rules are explained 
first, as with any game, followed by examples of amateur play. Tlien some 
strategy is developed and play becomes more skilfull. In spite .nf its impor- 
tance, sequence arithmetic is a mch easier gome than the more Vamiliar 'ordinarj^ 
arithmetic,* and Just where its place in the modem curriculum will eventually 
prove to be, whether in kindergarten or college, makes interesting speculation. 

Two otter points should be mentioned before we start. First, the games 
t^iat constitute mathematics are not played Just for fun. There is definitely 
some good entertainment value in them, as mathematicians will testify, but there 
are also ways in which the games contribute to the progress of human affairs. 
Exhibjting the possible areas of application of sequence arithmetic ic a major 
objective in what follows. It is also the most interesting part of the story. 
And the second point is this. In mathematics you play strictly by the rules. 
Play is honest. Strategy is carefully checked to be sure that it is correct. 
This policy of honest play is a strong tradition in mathematics, inspired in 
part by the fact that so often the results are used in important applications. 
Demonstrating this policy of honest play is another major objective. 

In summary, the objectives are: 

1. to exhibit the game-like nature of mathematics; 

2. to show that *msth is honest;* 
j. to show that 'math is useful.* 

It's all been caid before, but goals are important enough to rate frec^uent 
repetition f 
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<m£ B^SIC RULES 



2.1 The Rules Oliemselves * 

The game of setiuence arithmetic is played with eeiuences oT zeros and ones. 
Tvo sample sequences are these, which have been named X and Y for short. 

X 0 10 0 11 

Y 110 10 1 

The zeros and ones are called 'values,' so X and Y are both six values long. 
Don't try to attach any 'meaning' to such seiuenees, not yet anyway. Just think 
of a sequence as a thing to play with, like a tennis ball or a chess queen. 
There are three basic rules to learn before play can begin. The first one telle 
how to 'add' two sequences. 



BATJEC RULE I: To add two sequences, put one over the 
other and deal with each pair of corresponding values 
separately, making 

0 0 11 
+0+1+0+1 
0 111 



Mkim 1 + 1-1 is the only surprise, and it shows tliat, whatever 1 stands 
for here, It isn't your old friend the number 1. As a first example of addi- 
tion, is the computation of the sum X + Y. 

X 0 10 0 11 

Y 110 10 1 

X + Y 110111 

Addition is certainly a simple enough job. Notice that the sum X + Y is 
another sequence of zeros and ones,, six values long, Just as X and Y are. 
Another thing to notice is that it doesn't make any difference which sequence 
is put on top and wJilch at the bottom. We Just had X on top of Y, and 
called the sua X+Y. If we put Y on top of X 



Y 
X 



1 1 
0 1 



0 10 1 
0 0 11 
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the sum should profcabl^ be .aUc-d Y * X iwte.d. But coioput&tion produces 

^ + X IIOIII 

which is absolutely identical with the X * Y sequence just computed. Basically 
this is because 0 + i and i + 0 have both been prescribed as 1. PUialy 
there's no need to fuss. Either sequence can be put on top, and we'll use 
X y and Y X interchangeably. 

Let's turn to the second basic rule, wiiich introduces multiplication of 
sequences . 



BASIC RULE II. To mltiply two sequences put one over the 
other and deal with each pair of corresponding values separately, 
making 

0 0 11 
0 0 0 1 



This time there are no Gurprises at all. As a first exai^Dle of multiplication 
here is the computation of the product XY. 

X 0 10 0 11 

Y 1 i 0 i 0 1 

XY 0 1 0 0 0 1 

Multiplying sequences ic as easy a Job as adding them. Notice that the product 
XY is another sequence of zeros and ones, six v&lues long, just as X and Y 
are. Ifotice also that once again it makes no difference which sequence is put 
on top and which at the bottom. We Just had X on top of Y, and called the 
product XY. If we put Y on top of X 



y 

X 



1 1 

0 1 



0 10 1 
0 0 11 



tilo product should probably be called YX instead. But computation pi-oduces 

TOt 0 1 0 0 0 1 

which is absolutely identical with the XY sequence Just computed. Basically 
this is because 0x1 and 1x0 iiav? both been prescribed as 0. Plainly 
there's no need to fuss. Either sequence can be put on top and we'll use XY 
and YX interchangeably. 



Tb*st firit Uto b««ic rule* are tiaple eiMugh, but if you find it easier 
to i BMiTiTirr wrd* than ayaboia, here ia a trief tranalatioa. *The oiOy way to 
get 0 in • lu* ia frm 0*0, and the only wiy to get 1 in a product is 
froffl 1x1.' We're up to the third and last basic rule. 

BASIC RUL.- III. To invert a sequence, replace 
1 by 0 and replace 0 by 1. 

Tbia hardly needa an ex«a5>le, but here is the congnitation of the inverse of X, 
repreiented by the symbol X, irfiich you read 'X inverse. » 

X 0 10 0 11 

X 10 110 0 

Notice that X inverse Is another sequence of zeros and ones, six values long, 
just as X is. 



2.2 First Caliothenics . 

How you know all the basic rules of sequence arithmetic, and it»s time for 
aoiiie first efforts at playing the game. Start by computing these three sequen- 
ces, using the X and Y sequences of ti^ previous section. 

y 

X Y 
X + Y 

The long bar over X + Y indicates the inverse of the X + Y sequence which 
ma conQHited earlier. As a check on your arithmetic, the last two sequences 
ought, to be the saoie. In symbols. 



X + Y . X Y. 



The equality symbol as used here means 'is the same sequence as.' So X + Y 
ought to have turned out to be the same sequence as S Y. If you disagree, 
then check the basic rules and exan^les once more to see if you»ve misunderstood 
becauie both of these sequences should have come out 

0 0 1 0 0 0. 

A question often asked by beginners in sequence arithmetic is whether X Y and 
jfy are the same. (jTy means the inverse of the product X Y.) To find out 
in the caae of our parti cnilar X and Y sequences, compute the inverse of XY 

jTy 



7 



*nd compare it vith X Y. ffiiey should be diffewnt. But tiiea coinpate 

X + 7 

and compare it with Ty. They should be the same. In symbols 

xT - X + 7. 



Now compute the sums 



and then try the products. 



X + X 

Y + y 
X + X 



X X 
Y Y 
X X 



Wiea you're finished you'll agree that sequence arithmetic has some very simple 
features. Another simple feature is illustrated by the addition of a few 
sequ-" !es to their own inverses. 



X + X 
Y + Y 
X Y + jTy 

and still another by these multiplications. 

X X 
Y Y 



Mal:ing these various computations may begin to suggest some strate^^, or theoiy 
of the game of sequence arithmetic, but we'll postpone theoiy until the next 
chapter. Before leaving our X and Y sequences, here is a f .nal set of 
arithmetical calisthenics, intended mostly as a limbering-up exercise. 



X + X Y 
X Y t X Y 

X Y + X y 



These three sequences should turn out identical. Then try three more. 

X Y + X Y 
(X + Y)(X + Y) 

X Y + X Y 

Tbe^e should also agree amongst themselves. If you disagree, double-check 
y&iT computations. 
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2«3 '^aie Shortest Sequences » 

As further calisthenics let*s s itch to some very short secjuences, first 
taking the short«^st of them all. Our X and Y were six values looi^, but any 
length is suitable, the rules remaining the same. There are only two sequences 
of length one. One of them is 

0 

and the other is 

1 

and it aliaost seems like flattery to call them sequeneus at ail. It^s a simple 
job to prepare addition and nultiplication tables for these miniature sequences. 
Here Is the addition table. 

0 1 



0 
i 



0 1 

1 1 



It tells you that 0 + 1 is 1, end that 1 + 1 is 1, <■ id so on. This is 



all very familiar to you by now. 
yourself . 



Complete the follovdng multiplication table 



0 1 



0 
1 

It's also reasonably clear that 0 and 1 are inverses of each other, and that 
about exhausts the con^sutational possibilities of these sequences. 

Graduating just slightly, there are only four sequences of length two. 
Call them 0, P, Q and I. (Road 0 as OH.) 

0 0 0 
P 0 1 

1 0 

1 11 

With these little seq.uences computations can be done in your head. To get 
P + for example, we can Just look at P and Q, and apply Basic Bule I. 

P + Q I 1 1 

You can see that P + -ft has turned out to be the sec|.uence I. 

P + Q = I 
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And what i. p Q? looking »t the P tnd Q Mqjiences again, and applying 
Baaic Rule n, leads qjiickiy to 



F Q 



0 0 



so that P Q has turned out to be the segjience 0. 

P Q » 0 

Theae two reaolts are recorded in the addition and mltipli cation tables below. 



P 
Q 

I 



P Q I 


X 


0 P Q I 








P I 


P 


0 


I 


Q 


0 Q 




I 





A few other entries have also been made. These entries claim that 



Q + P = I 
P + P ^ P 
Q + 0 = Q 



Q I - Q 
0 P . 0 
Q P » 0 



and you should check to see if you agree. Then supply all the missing entries, 
completing the tables. Each place should be filled with 0, P, Q or I. 

There is also an inversion table for these little sequences, 

0 P Q I 



The entiy which has been made claims that the inverse of P is Q. Do you 
agree? aipply the missing entries, writing either 0, P, Q or I in each 
empty place. As you canplete these throe tables you will be forming some im- 
pressions of the strategy, or theory, of the game of sequence arithmetic. 

For a final limbering up take the sequences of length three. There are 
ejcactly eight of them, and let's name them as follows. 

0 0 0 0 DO 

A 0 0 1 El 

B 0 1 0 PI 

C 1 0 0 II 



1 
0 

1 
1 



1 
1 

0 

1 
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The mddition and mltiplicatlon tables for these sequences are soaeirfiat larger, 
of course, A fev entriec are included belov^ but most of the labor is left 
to you. 



+ 


0 


A 


B 


C D E P I 




0 


A 


B 


C 


r 


0 

r 


A 


B 


C 






0 


0 


0 


A 
ii 


A 


A 
n 


u 


E 


A 




A 


0 


0 


£ 


B 


D 


B 


F 


B 


0 


0 


B 


0 


C 


C 


E 


F 


C 


C 


0 


0 


0 


C 


D 










D 










£ 










E 










F 










F 










I 










I 











D E F I 



The inversion table for these sequences is simpler. Complete it, 



0ABCDEFI 



I F 



At this point you can consider yourself a skilful amateur at the gauffi of 
sequence arithmetic. 
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Chapter 3 
ELEJIEHTARY STRATIiX}Y 

3.1 Only Two Digtinct Kinds of Coluan. 

From your first attempts to play this game periiaps you* re drawing some 
conciueions. You^ve used Lequences of length one, two, three and six. Any 
length can be used, from one upward, the basic rules remaiaing the same. But 
in any one version of sequence aritlimetic all sequences should have the same 
length. In other words, don*t mix different lengths. 

Nov we come to the matter of strategy, or, as it's called in mathematics, 
theory. We* 11 develop a short list of theorems, just a part of a much longer 
list which is recorded in the literature of mathematics. You*ll learn how to 
l)VQve these theorems, and later we'll i)Ut them to work in applications. The 
tiieoremc arc true for sequences of any length, and weUl use different lengths 
at different times for examples. Whatever the length, two sequences are very 
important. One of them contains all zeros, no ones, and weUl call it 0. 
(Read it OH.) 

0: all O^G 

The other sequence contains all ones, no zeros, and wc^'ll call it I. 

I: all l*s 

The practi^-e calculations of Cliapter 2 may have suggested to you what can 
be expected whenever a sequence is multiplied by 0, but here's one further 
example to make the picture totally clear. Pick some sequence and call it A. 
lUi choose this one. 

A: 0 110 10 
To multiply A by 0 we put 0 under A, as usual 

0: 0 0 0 0 0 0. 

The product comes out 

A0: 0 0 0 0 0 0 

and it*s identical with 0. Surely everybody bcsins to believe that the product 
will come out 0 no matter what sequence A we start witii. In other words, we 
suspect a theorem, a first piece of strategy for the game of sequence arith- 
metic ♦ 
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THEORSJ 1. A0 0. 



In this brlel- £3tatement of what we suspect to be true, the letter A stands 
for 'any sequence at all.* Translated into English prose the theorem becomes, 
•When any sequence at all is multiplied by 0, the product is 0.« How can 
«e be sure this theorem is true? Actually, a proof is very easy. Look at the 
example again. The thing to notice ia that the first two columns alone tell 
the whole stoiy. The other four columns are merely duplicates . If we chose 
an entirely different sequence for A, we'd get exactly the same two distinct " 
kinds of column, the first two that we have in our example. 

A 0 1.... 
0 0 0.... 
A0 CO.... 

In these two columns the product A0 comes out zero. So, it will always come 
out zero, in every column, because all other columns are duplicates. This 
definitely proves that Aj^ comes out a solid sequence of zeros, no ones. In 
symbols, A0 ^ 0. 

It has taken quite a few wrds, and some patience, to prove Theorem 1, 
which may have seemed perfectly obvious from the start. The reason for this 
patience is partly ttiat, in mathematics at least, it pays to be very careful, 
ait there's a more immediate reason, too. The easiest yay to prove lots of 
the theorems of sequence arittimetic is by this idea of duplicating columns. 
Tlie spirit of our proofs, for a while, will be, «How many distinct kinds of 
column do we have to examine?* For Theorem 1, only two distinct kinds will 
appear, and that's true of this entire chapter. 

Mow we'll turn to a companion theorem, which is also discernable in the 
opening examples. Tlieorem 1 concerns multiplying a sequence by 0. What 
happens when a sequence is added to I? Take any sequence at all, and call 
it A. Let's choose Just the first two values of A and leave the rest open 
for a moment . 

A: 0 1 

Add I to this oequence. I is Just 

I: 111111111 
so the sequence comes out (remember, 1 + 1 _ l) 

A + I: 11 

Ik If 



and it*s identical with I, at least in the first two coluimis. But almost 
at once you realize that it won't make any difference how the A sequence is 
cx»pleted. Either 0 or 1 will go into each open position and the new 
columns of computation will just be duplicates of the tvo columns ve already 
have. The sum A 1 vill be a solid sequence of ones, no zeros- It will be 
the sequence I. This is our second theorem. 



THEOREM 2. A -i- I = !• 

In this theorem, as in Theorem 1, A can be any sequence at all. 

Since we're doing so well with the 0 and I sequences, here is another 
pair of companion theorems which involve these two special sequences. 

I THEOREM 3- A 0 = A- 



THH)REI4 h. AI = A. 



The proofs of these two are left to you. Just follow the pattern by which 
Theorems 1 and 2 were proved. As in the earlier pair, A can be any sequence 
at all. Even so, only two distinct kinds of column can appear ^ 



3,2 Theorem Guessing. 

Now let*s break away from 0 and I for a moment to pick up another pair 
of simple companion theorems. You may Iriave guessed these two also in your 
practice session. Take any sequence at all, and call it A, perhaps the same 
A we used a moment ago. 

A: 0 110 10 
To calculate A + A, you put A under A, 

A: 0 110 10 

and eventually get the sum, 

A + As 011010 

which may be revealing enough for you to guess how to finish our next theorem. 



THSmEM 5. A + A - 



15 
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If you canH guess, then the con5)leted theorem appears at the end of this 
chapter, alonfi with other results you vill be aslasd to guess shortly. For 
ejougjle, calculating A tines A should suggest the companion to Theorem 5. 
Can you guess it? 



THEOREM 6. AA 



If not, see the completed theorem at the end of this chapter. As usual, this 
P*ir is true for any A sesiuence at ail, and once you've guessed the missins 
rlfihthand sides, the proofs are easy. (Kb matter what sequence A is, only 
two distinct columns appear in the computation of A + A or AA. ) 

Next, let's figure out some of the strategy, or theory, of playing with 
inverses of sequences. The idea of inverting a sequence is simple enough; you 
^ust swap zeros for ones, and ones for zeros. So, there ought to be some simple 
theorems involving inverses. To start us off, complete this one. 



THEOR£M 7. ^ = , and T 



Unlike our first six theorems, in which the sequence A can be 'any sequence 
at all,' this just points out the inverses of our two special sequences 0 and 
I. To return to the earlier spirit, take any sequence at all, and call it A. 
We might choose the first two values, leaving the rest of the sequence open for 
later choosing. 



Invert the sequence, 

and then invert the inverse. 



A: 01 



A: 1 0 



0 1 



Notice the two bars over the A. Each bar says 'invert what's under me,' so 
A means the inverse of A, while A means the inverse of A. Now you can 
finish choosing the A sequence, and complete the calculation. Whatever you 
choose, it's easy to guess the theorem, true for any A sequence at all. 



THEORifl^ 8, A 
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Before graduating to bigger thlnge^ here is a final pair of cc»apanion theorems, 
true for any A sequence at all, and provable by the method of 'only two dis- 
tinct colujana.' Cosiplete them if you can. 



THEOREM 9. A + A « 
THEOREM 10. AA - 



Sifflple as these first ten theorems are, they have an iiaportant role to play in 
fur her developing the strategy of the gan« of sequence arithmetic, and in 
making applications. To close up tliis chapter here is a summary of our * ele- 
mentary strategy,* including the theorems which were left unfinished back along 
the way. Remember, A can be *any sequence at all.' 



Theorem 


1. 




. 0. 




Theorem 


2. 


A + 


I - 


I. 


Theorem 


3. 


A + 


0. 


A. 


Theorem 


k. 


AI . 


= A. 




Theorem 


^. 


A + 


A = 


A. 


Theorem 


6. 


AA 


= A. 




Theorem 


7. 


I- 


I and I 0. 


Theorem 


8. 


A = 


A. 




Theorem 


9. 


A + 


A = 


I. 


Theorem 


10. 


AA 


- 0. 





PROBLEM. Usin^^ the following (incomplete) A sequence 

A 0 1 
and the special sequences 

0 0 0 0 0 0 0 

1 111111 

compute the first two values of each of the followir^s sequences. 



A0 




A + I 


I 


A + 0 


A 


AI 


A 


A A 


A + A 


AA 


AA 



o 
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You uQw have the oaly two distinct kiads of colunn which can appear no natter 
hov this A sequence ie corapleted, or even if on entirely different A sequen- 
ce is ctosen. Sequences which are identical in these two coluoas will be iden- 
tical for 'any A sequence, at all.' Cooparinfi A0 and 0, in these two 
coiumnB, we find t)iey agree. Comparinfi A I with I, in these two columns, 
we find tiiey agree. 'Hils is how Theorems 1 and 2 were proved. Now maKe sim- 
ilar comparisons (of A + 0 with A, and of AI with A, and so on), there- 
by proving Theorems 3 to 10. 
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Chapter k 
IKTERMEDIATE STRATEGY 



kA Only Four Distinct Kinds oT Coluian . 

Now that you^ve seen sosae theorems which are true for any sequence A at 
all, a fairl;y^ natural next step is to look for theor^as which are true for 
any j^ir of sequences. TJiese are not usually so easy to guess, so we'll follow 
the way which our mathematical ancestors have cleared for us. To begin, you 
could choose any pair of sequences you wish. Call them A and B. An excel- 
lent choice is this S-^ir, for reasons which will soon appear and which you may 
guess. These are only four values long. 

A 0 0 11 
B 0 10 1 

First calculate their sum and product 

A + B 
AB 

and their inverses . 

A 

. B 

Tlien calculate these four sequences. 

A + B 
A B 
AB 
I + B 

(Inverse bare arc made Just lon^. enough to stretch over the sequence to be 
inverted. Tnus, A + B means the inverse of the sum A + B, while AB means 
the inverse of the product AB. You will see even longer bars in later chapters.) 
Now, if you've completed the above computations successfully, then A + B and 
A B should be the same. They should both be 

10 0 0 

so that^ at least for our special pair of A and B sequences, A 4- B, {which 
is known as the inverse of the sum) and A B (the pi*oduct of the Inverses) 
liave turned out to be the same sequence. Next, compare AB with A + B. 
They should both be 
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1 1 i 0 

60 that AB (known as tho inverse of the product) and A + B (the sum of 
the inversGc) have also turned out to be the saae se(iuence. Let's also take 
a moment to notice two tilings that are not true. Many an amateur at setiuenoe 
aritiimetic iiac aoisumed thiat A + B - A + B, and tiiat AB - A B. Notice that 
in your computationis above both of these are false. Kiose computations seem to 
bo forecasting this pair of theorexas. 









THEOHEH 


11. 


A + B - A B. 




12. 


AB - A + B. 



At least, these theorems are true for choices of A and B. 

Kov ve cane to the important point. We chose sequences of length four, so 
naturally there are four columns of comx^tatlon in the above work. If you 
chooce longer A and B sequences, then you ^11 surely liave more columns of 
computation. But, no matter which two sequences you choose for A and B, 
even if they are a hundred values lon^^, computing A + B, A B, AB and A + B 
as I've suii^ested hero vlll not produce any new kind of column . You* 11 get 

^-olumns, but they'll all be duplicates of these four. The four columns 
here are the only distinct kinds there are. Tliat's because, whatever sequences 
you ':hoose for A and B, the tTO top entries, of ca^^h column must start the 
column off in one of these four ways 

0 0 11 
0 10 1 

and the top two entries of a column determined what happens all the way down 
that column. Think it over, but only four distinct kinds of column are possible, 
regardless of how A and B are chosen, and the four kinds are exactly what 
WB already have. We can deduce that Theorems 11 and 12 are true, not only for 
our special choices of A and B, but for an^ A and B sequences at all. 

Tliis metlwDd of only four distinct columns, though simple, is powerful. 
WoUl use it to provide honest proofs of a number of theorems. First let*s 
take a pair of companion theorems that were mentioned informally way back wiaen 
basic i-ules I and II were first introduced. When two sequence's are beinc added 
it*s entirely imateriai wliich sequence ^^oes above the otlier. The sum will be 
the same either way. To be absolutely precise it was suggested that we might 
distinguish betw^^en A + B and B + A, saying that whon A is put above B 
then the sum Is called A + B, and when B is put above A, then the sum is 
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called B t A. fRiat wuld 1>« clear and neat. Hit tht fact that such fusa has 
no coaputationai significance is the content of Theorem 13. 



mEORtM 13- A + B » B 4^ A. 



The sane remrks apply to products, and you could guess the companion of 
Theorem 13. 



THSOR£34 l4. AB ^ BA. 



As uaual, A and B ctand for aoy pair of se<iuences. Tiieee theorems are so 
easy to believe that it seeiSB almost silly to write out proofs. Nevertheless, 
just to be sal'e, here is how the proofs look^ using the same A and B se- 
cjLxences as before. 

AOOll BOlOl 

B 0101 A 0011 

A-t-B 0111 B + A OllI 

AB 0001 BA 0001 

Cosijaring A + B vith B + A, and AB with BA, we curcly find that they 
agree. For these particular A and B sequences Theorems 13 and Ih are 
secure. But to repeat, other choices of A and B might lead to more columns 
of computation, but they can*t possibly lead to new kinds of columns • Ttie four 
columns we have here are tli& only four distinct Kinds there are. Our proof for 
this A and B pair covers all other A and B pairs also. 

The content of these two theorems mat seem terribly ^obvious J Unless 
yoi^ve grown accustomed to the spirit of modem mathematics, you may even ob- 
ject to dignifying them as theorems. But the point is, that theorems are strat- 
egy, and to play the game of sequence arithmetic honestly, it's important to 
list strategy which ve know to be correct. Then, if we play according to our 
list, ve know we^re safe. T^ie policy in mathematics is, ^Better safe than 
sorry,* and mathematicians have been led to this policy by hard experience. 
All too often, playing by intuition instead of by proven strategy, they've run 
into logical disaster. Intuition is great stuff, and should be worked to its 
limit, but whenever i)OSfiible it should be checked by honest logic. Here we ^11 
carefully list all proven strategy, and then we'^ll play by our list. 
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4.2 2!i£ B>#lc Products , 

Nov w come to & saall avalanche of theoreiM, All of them involve four 
f«B0V5 and baaic producta; casiely, AB, AS^ AB and A B, The proofs of these 
theorems will be auch easier if w examine these products first. Tnke the 
usual A and B seciuenceSi 

A 0 0 11 
B 0 10 1. 

Calculate ttie inverses, 

A 

B 

and then the four fainous products # 

AB 
AB 
AB 
A fi 

Notice the resulting pattern. Each product takes the value 1 in oxuy one of 
our four columns. But between them the four prodticts aansge to supply a 1 
for each column. The pattern can be used to sia^lify the Job of proving 
theoreias such as this. 



THEOREM 15. AB 4- AB « A. 



Everything; needed for the proof is already a\ailable. Adding the products AB 
and AB should product the sequence 

0 0 11 

which definitely is the sac^ as A. And to repeat once Ctore, should you use 
other A and B sequences than mine, then AB + aF should still agree with 

A, because the computations above produce the only four distinct kinds of 
column that A and B sequences can generate. In these four columns AB + AB 
agrees with A, so it always will, whatever seqjuences you choose for A and 

B. That's the method of only four distinct QoluBsas, Apply this simple, but 
powerful, method to the foUoving avalanche of theory, all of which is true for 
any pair of sequences A and B. Try proving these in your head, Just looking 
at the four basic products up above, but witha further penmanship. If that«s 
too much headwork, then put the co]:g)atations do . on paper, but be sure to prove 
thea aH, one way or another, 
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THBOBSC 16. A 4- AB « A. 

THBQREK 17- A + B « A -f AB. 

THEQRaC l8. A B « (AB + AS) + AB« 

TEBQRai 19. AB + A B « A. 

THBOKBi 20. {AB + AB) + (AB + A B) - I. 

THBORSM 21. (A ♦ B)(A + B) * AB -f- AB. 

THBQREK 22. (A ^ B}^ ^ i3 AB. 

- • ♦ 
In sewrml of these theorems parentheses are used to desigaate which computa- 
tions have priority. Dd coioputationfi inside the parentheses first. 



4.3 Only Eight Distinct Kinds of Column . 

Nov let's stretch the method of distinct columns once more, by proving a 
fev theorems that are true for any three sequences A, B and C. Take these 
three special sequences first. 

A 00001111 
E 00110011 
C 01010101 

There's a fairly obvious pattern to these selections. And that pattern is 
useful, because it provides one neat way to guarantee that the eight columns 
of zeros and ones vhich are already beginning to shape up v .11 be the only 
eight distinct kinds that are possible fixm three sequences A, B and C. 
You can choose longer sequences for A, B and C, and get na^re qolumns, but 
any new column will duplicate one of the eight we are starting to develop here. 
You should convince yourself of this before pushing onward. Try attaching 
more values to A, B and C. Any nev column you form will be a duplicate of 
one of these eight. This fact is important because it means that whatever ve 
prove for these special A, B, C sequences will hold for ar^ three sequences 
at all. This is the method of only eight distinct kinds of column. Let's 
put it right to work. First conqjute 

B + C 

and then multiply by A. 

A(B + C) 
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Xext get the t«o products 

A£ 
AC 

and finally compute their sum. 

AB + AC 



Ualess you«ve made an error in arithaetic you should find that A(B + C) and 
AB + AC hiave come out id-ntical. Both should be . 



00000111 



and that sugEesta a theorem. Since both of these sequences are the same for 
our special choice of A, B and they vill also be the same for any other 



choice. 



THSOSEM 23. A(B + C) = AB + AC. 



As usual, there Is a companion theorem. Computing these five sequences 

BC 
A + BC 
A + B 
A + C 
(A + B){A + C} 

you should again discover a pair of identical sequences. Tiie companion theorem 
reads 



THEORSi 2^4. A + BC - (A + B){A + C) 



and it's true for any three sequences A, B and C. 

To close up this chapter let's apply the method of only ei^'ht distinct 
•lojrais to a pair of theorems wtiich are crucial for our work in the cJiapters 
a. cud. aiie first one concerns 'double sums.' 



m-Wm 25. A + (B C) (A B) + c. [ 



This is sometimes called a 'shift parentheses* theorem, and it»s easy to see 
why. Hie parentheses designate which sequences are to be added first. On the 
left, B + C should be computed first, and then A should be added to the sum. 
On the ri^^ht, A + B should be computed first, and then C stould be added to 
that sum. The theorem e^amntees that both orders of procedure lead to the 



2k 



EMC 



•Me fiotl rsiult. I*a aure that you'xv more thmn willing to believe this 
tbaorem, but In the interest of safety t&ke ■ few accents to apply our loethod 
of only eight distinct colusns* 

A OOOOlill 
B 00110011 
C 01010101 
. B t C , - . 

A + (B + C) 
A + B 
(A B) + C 

The fifth and seventh seq,uenceB should be identlcysil, and Theorem 25 is proved. 
The companion of Theoxrm 25 is another 'shift parentheses' theor«a, but with 
products in place of sums. 



THSORad 26. A(BC) « (AB)C. 



And needless to say, the proof is easy by tiie method of only eight distinct 
kinds of column . If you need further practice at writing zeros and ones, then 
coB^iute BC, A(BC), and so on. Theoron 26 will stand up to the test. Further 
opportunities to apply this netkjd will be provided In the next chapter. 
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Cliaj>ter 5 
ADVANCED STRATJCY 



New Strategy from Old . 

After the fairly heavy dose of t^ieory In the prsvious two chapters it 
would probmbl^ be good psycholo^ to offer you a few applications. Cex^ainly 
yoa have a right to koov why this gax^ of sequence arithmetic was invented^ 
and what it*s currently good for. If you're desperate to see the applicationsi 
turn at once to Ciiapter 6. But if you can stand a final (extra heavy) dose, 
this chapter vlil finish our penetration into the theory of sequence arithmetic. 
Then ve*ll give applications our undivided attention. And if our recent efforts 
cause cpectrec of clxteen or more distinct kinds of column to float across your 
imaginations, in a dense fo^: of seros and ones, let me quickly reassure you. 
Such methods are feasible, but we^re goiri^ to turn to a different technique of 
proof for our last theorems. We will use the strategy we already have to de- 
velop more advanced strategy. This method of getting new strate^ from old is 
by far the best way for proving some of the theorems of this chapter. For 
other theorems the old method of distinct columns may still be the easier, but 
we'll use tiie new method anyway Just for the experience. 

As a firot exampie, we Vmov by Theorem Ij tliat 

A -J^ B - B + A 

so tiiat two sequences may be added in either order. fkip|>ose ve have three 
sequences to add, call them A, B and C. Then by Theorem 25 

A + (B C) (A + B) + C. 

This * shift parentheses' theorem says tliat ve can add B to C first, or ve 
can add A to B first. The final sums will be the same. Could we even add 
A to C fir::t? I*m sure you ^uess yes, and maybe you see how to prove it. 
Applying Tlieorem Ij to the sequf?nces (A + B) and C, we can letigthen our 
last result to 

A + (B + C) - (A + B) C - C + (A + B) 

and now shifting |>arentheses in the rlghtnjost member 

A +■ (B + C) - (A + B) + C ■ (C + A) ^ B. 

This shows that In addint: A, b and C it makei: no difftuvncc whi,,*h ]^air of 
sequences we decide to add together first, B and C, or A und B, or 
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C «ad A. Moreover, having done this first addition, what remains is to add 
the tw3 BCiiuences that are left, such as A and (B +. C). But we know that 
any two sequences can he added in either order, and so we deduce that any three 
se<iuence8 A, B and C njsy be added in anj' order we care to tai^ them. The 
SUB of three such sequences is usiiaily written without any parentheses 

A + B + C 

• to show tJiat tne order of addition is entirely iamaterial. Let's call such a 
sum a 'double sum.' 

If we turn next to t^riple 

A + B + C + D 

and to even longer sums, lt*s a natural guess that the order of computation is 
still immaterial. Hopefully, the folloving theorem Lb true. 



THEORSM 27. Double, triple, and longer sums such as 

A + B + C 
A + B + C + D 
ari so on, may be computed in any order. 



Tlie proof of this theorem presents a new type of difficulty. The trouble is 
tiiat sums .an come In an endless variety of lengths, and ve have to handle all 
lengt^hs. For situations of this sort a one-step-at-a-time procedure proves to 
be uselVl. To illustrate, suppose timt ve knev the theorem to be true for sums 
involving five sequences. As a next step we could consider sums of six sequen- 
ces, such as this one. 

A + B^C + D + E + F 

One way of ta-kling this sum is to add the A and B sequences first. 

(A + B) + C+ D+ E4'F 

This leaves us with only five sequences, and so from here on the order of com- 
putation won*t matter. Ikxt now suppose we begin again by adding D and F 
together first instead of A and B. Is it possible t^iat tlie final result 
will be different? To find out we return to the five-sequence sum we already 
have. Since the order of confutation in that sum doesn't matter, iet^s choose 
to take sequence D right after A and B. 

(A + B) + D + etc. 



ERLC 



The ihlft pajreatheses thecr«a in«tantiy converts thim to 

A + (B 4- D) + etc. 

which l8 a different, but equal, five-sequence sum, in which B + D ie com- 
puted first. Nov let'e change our niinds. After computiog B D let's take 
Bcqucnce F next, vith A beings postponed until later. 

(B + D) ^ F ^ etc. 

Again shift parenti^ses and you have 

B + (D ♦ F) + etc. 

This Bun is at ill the equal of the others we've had, and now D F is the 
first sun computed. So the question of a aoment ago is answered. Adding D 
and F first leads to exactly the saioe final result we would get by adding A 
and B firsts And the same sort of pnx)f applies no matter yihich pair you 
want to add together first I The resulting sum will equal our orifcTinal 

(A + B) + C + D + E + F. 

You may want to choose a few pairs and explore the details yourself • 

Now we come to the main point. We've just proved that if five-sequence 
sums can be computed in any order then six-sequence sums can also be ccsaputed 
in any order. Rit these lengths serve only as an example. The idea of our 
proof works just as well for longer or shorter sums! What has actually been 
proved is that grafting an extra sequence to a sum doesn't upset the applecart. 
If the order of addition was iaaaaterial before, then it remains inmsaterial 
after the graft. This is the crux of the one-step-at-a-time method. For in- 
stance, we do already know that sums of three sequences (double sums) can be 
compute,d in any order. The same is therefore true when there are four sequen- 
ces involved. And if four-sequence sums can be c<^puted in any order, then the 
same will be true of five-sequence sums. And so on it goes, up to sums of any 
length. You will want to think over the details of this proof of Theorem 27 
fairly carei\illy, and to fill in details which were omitted for brevity. But 
basically it's an honest proof, and it certainly makes heavy use of earlier 
strategy. Needless to say, there is a companion theorem. 



THEORai 28. Double, triple and longer products 
such as 

ABC 
ABCD 

and so on, may be computed in any order. 
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The cOBQj«nion i« proved in the Basse way. Although these two theorems are not 
exciting, they are important. you»ll be seeing many multiple sums and products 
from here on. 



^•2 Some Special Produces . 

We already knov that for any three sequences A, B and C 

» - - • • ... 

A{B + C) a AB + AC. 

That's our Theorem 23. The A sefjuence multiplies B + C on the lelt, and it 
multiplies both B and C on the right. It isn't hard to guess hov this 
theorem can be stretched for longer sums. First comes 

A(B +C+D)=AB+AC+AD 
which is true for an^ four seciuences A, B, C and D. Here's a quick proof. 
There are two double sums involved, but we don»t have to worry about the order 
in which we compute them, so start by giving B i- C a temporaiy alias, X. 
Then 

A(B + C + D) ^ A(X + D) 

- AX + AD 

- A(B + C) + AD 

- AB + AC + AD 

The proof is already finished, and you'll have to admit it was speedier than 
tackling sixteen distinct kinds of columns would have been. We've simply used 
Theorem Pj twice. It's another example of using strategy already proved to 
develop more advanced strategy. The same idea can be applied again to stretch 
the sum another notch, and then another, and so on. It's the one-step-at-a-tiae 
method again in action. The Indicated result is. our next theorem. 



_ 

THEOREM 29. For any sequences A, 


B, C, D, E, 


etc. 




A(B + C + D) ^ AB + AC + 


AD 


A{B ♦ C -f D 4 E) = AB + AC + 


AD + AE 


and so on. 





Since products can be taken in either order, all the proauctr, in Theorems .^J 
and 29 can be reversed. 
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(B + C)A •= BA + GA 
(B + C + D)A =^ BA ♦ GA + 
(B+C+D+E)A«BA+CA+DA+EA 

So whether the sums on the left pre^^ede A or follow it, the A sequence 
appears in each part of the right hand sum. We can nov stretch Theorem 29 in 
a second direction. As a first example, consider (A + B)(C + D) and give 
C + D a temporary alias, X. 

(A + B)(C + D) = (A + B)X 
:= AX + BX 

^ A(C + D) + B(C + D) 
AC + AD + BC + BD 

The result is a triple sum. As one iXirther example, 

(A + B + C)(D + E + F) - (A + B + C)X 

AX + BX + CX 
- A(D + E + F) + B(D + E + F) 
+ C(D + E + F) 
AD + AE + AF + BD + BE + BF + CD 

+ CE + CF 

and the sum on the right includes nine sequences. Here is the indicated theorem. 



THEORM jO. 


For 


any seqLiiences A, B, 


D, E, etc* 


(A + 


B)(C 


+ 0) - AC 


+ AD + BC + BD 


(A + B + 


C)(D 


+ E F) ^ 


= AD + AE + 


AF + BD + BE 








+ BF + CD 


+ CE CF 




and 


so on. 







mOBim I. Prove a(B + C + D + E) ^ AB + AC + AD + AE by giving B + C the 
tempoj^ry alias X and then using Part 1 of Theorem 29, w^ich we 
have already proved. 

PROBLEM 2. Simplify Tiieorem JO (Part 2} for the special case when F = 0. 

PSOBLiM j. Simplify Theorem jO (i^rt 1) for the special case when C - A and 
D = B. (Notice that this amounts to a second way of proving 
Theorem 21.) 

PROBLiJi h. Simplify Tiieorem 30 (Part 2) for the special case when D = A, 
E ^ B and F - C. 
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5.3 2^ Eight S<i8lc Prodaett , 

Oov that ve haw the crucial, though unexciting. Theorem 2? to 30 behind 
u« we can move aore (luiday to accumlate the rcB^ning iteoa of advanced 
strategy that viXl be needed. 



TH£JORa< 31, A(B + C) - ABC + ABC + ABC. 



The proof of this by the oethod of eight distinct col^ i^ simple enough, but' 
for variety, here is a proof which uses our earlier accumlated strategy. Check 
each line carefully to be aure you agree. 

A(B + C) « AB + AC 

- ABI + AIC 

- AB(C + C) + A(B * B)C 
^ ABC + ABC + ABC + ASc 

ABC + ABC + ABC. 

Theorems k, 5, 9, 23, 27 and 28 all see action. Can you find where? Next 
cooes a pair of theorems involving the double sum AB + AC + BC. 



THEORBM 32. AB + AC + BC = ABC + ABC + ABC + ABC. 
THEOREM 33. AB + AC + BC = AB + (A + B)ABC. 



The proof of each of these will i^nd you of the proof Just completed. First, 

AB + AC + BC - ABI + AIC + IBC 

- AB(C + C) + A(B + B)C + (A + A)BC 
« ABC + A^ + ABC + ABC + ABC + ABC 

- ABC + ABC + ABC + ABC. 

And second, remembering Theorem 22 which says (A + B)AB = AB + AB, 

AB + (A B)aSc ^ ABI +.(AB + AB)C 

= AB(C + C) + (AB + AB)C 
= ABC + ABC + ABC + ABC 
= AB + AC + BC. 

The thing to notice is that, in all three proofs Just given, certain basic 
products. 



ABC 



ABC 



ABC 



ABC 



play key roles. Introducing the ^I seciuence as was done, and then replacing 
I by A + A or B + B or C + C, whichever seemed best, led us to combina- 
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■ ' " " " , , . , .... ...... . ....... . 

tloaa of the«e bMic proiicti • In ^roviog other reiuits concemiog three ^ 
•equeaccfi A, B and C there arc four other twic products vbich can appear • 

ABCABCABCABC • 

Soiae of these appear in the proofs Of Theorems 3^ to ^6, which you are asked to 
atteagst aa problems. 



THEORY! 3^' 


AB + EC 


♦ CA « AB + BC + OA. 


THEORai 35. 


AS + BC 


+ CiA«AlC + ABC + ABC 






+ 5'BC + ABC + ABC. 


THEORJM 36. 


The sum 


of all eight basic products is I. 



To the relatively innocent bystander the two sides of Theorem 3^ inust look like 
inverses of each other. But they are equal in spite of appearances. Both 
equal the sum of basic products shown in Theorem 35 • Theorem 36 is one indica- 
tor of the special role which the eight basic products play. It is a close 
relative of Theorems 9 and 20. 

A A « I 
AB + AB + AE + AB=« I. 

PROBIiH 5. Prove Theorem 3^ by showing that each side is the same combination 
of six basic products. This also proves Theorem 35. 

PROBLEM 6. Prove Theorem 20 in a second way, starting with 

I - II - (A + A)(B + B> 

and then using Theorem 30. 

■PROBLEM 7. Continuing Problem 6, prove Theorem 36 starting with 

I = III = (A + A)(B + B)(C + C). 

PROBLEM 8. Prove Theorem l8 in a second way, starting with 

A + B= AI + IB« A(B + B) + {A + A)B. 
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9. For « further euBpIe of the method of only eight distinct coluians, 
begin by con^ting the foUowiofi list of sequences, iacludins our 
el^t b«cic products. 



A 00001111 
B 00110011 
C- OlOlOlOl 



A 
B 
C 
A£ 
fiC 
CA 

AB + BC + CA 
AB 
BC 
CK 

^ + BC + CA 
B + C 
A{B + C) 
AB 
AC 
BC 

AB + AC + BC 
A + B 
AB 

ABC 

(A + B)ABC 
AB + (A + B)ABC 
ABC 
ABC 
ABC 
ABC 
ABC 
A B'S 
A § C 
ABC 



Use these results to verify Theorems 31 to 36. 



5#U Foar Last Theorems > 

Finally let*8 pick up a fev results which involve laore complicated inver- 
alona than v«*ve handled before* 



THEOREM 37 • The inverse of any sum is the product of 

the separate inverses. The inverse of any 
producrt is the sum of the separate inverses • 



For sums and products of Just two sequences this ^las long since been established 
in Theorems 11 and 12. Take the case of a double sum, A -t- B + C. Since the 
order of cc3«putation doesn't matter, we can choose to compute A + B first and 
call the result X. Then 

A + B + C = (A + B) + C - X + C ^ X C 



= A + B C 
-ABC 



As usual, X is a temporary alias. The proof amounts to using Theorem 11 
twice. For longer sums the idea is the same; Theorem 11 is used as often as 
needed. As for produvts, the action is similar. 



A B C ^ CABJC = XC X + C 
= AB + C 
= A + B + C 

Theorem 12 has been used twice. For longer products it would be used as many 
times as needed. Let*i5 put Theorem 37 right to work* 



THEORJM 38. (A + B + C)ABC = AB + BC + OA, 



The proof is a neat bit of teamwork by earlier theorj^. 

(A + B + C)ABC - (A + B + C)(A + B + C) 

-AB+AC+BA+BC+CA+CB 

- {AB + BC + CA) + (AB + BC + CA) 

But the two double sums in parentheses are equal, by Theorem jh. If ve call 

both of them X for a moment, and remember tliat X + X - X, then the whole 

side collapses to AB + BC + CA, and Theorem 38 p2X)VL*d. Here Is a final 
pair. 
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THEOREM 39. ABC + (A + B + C)aB + BC ♦ A& 

-ABC+ABC + ABC + ABC. 

raEORO! 1+0. [(A + B)AB + C]{A + B)Sc 

» ABC + ABC + ABC + ABC. 



The proofs will be left aa problems, for those hardy souls who have survived to 
thic point, which ie as far as we'U penetrate into the theory of sequence 
arithmetic. There's ouch more in the literature of aatheiaatice, but we have all 
we'll need. 



PROBLEM 10. Prove Theorems 39 and kO, either by the method of eight distinct 
columns or otherwise. 

PKOBLEN IL. Can you complete the following array of sixteen basic products 
which would be involved in problems of four sequences of A, B, 
C and D ? 

ABCD ABCD 
ABCD ABCD 
ABCD ABCD 

ABCD ABCD ABCD 

5.5 Abstract Mathematics . 

We've come a long way from the basic rules of sequence arithmetic. You 
now know quite a few fine points of the game, forty theorems' worth, so you're 
no longer an amateur player. Moreover, play has been honest; we've sometimes 
labored hard Just to 'prove the obvious,' to be sure that we stay on honest, 
logical ground. So the first two objectives announced in Chapter 1 have Imd a 
turn. F&rt I has concentrated on those two objectives. It has been an example 
of what Is called pure or abstract mathematics . In Fart II we'll turn to our 
third obje.-tive. The subject will become applied mathematics , and you'll see 
that sequence aritJimetic is a very uselMl game. In closing up this first part, 
a few final quest ionti may be appropriate. 



ERIC 



Q# What le abstract mathemtii^s? 

A. IVs a collection of g&cu^s, Seciuence ariUunetlc is one of those 
games. 

Q. In sequence aritiunetic vhat do 0, I, 4, and - mean? 
A. Nothing yet, but isoe Part II. 
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Does 14-1 neftXiy equal 1 ? 
A. Ye«, in sequence arithaetic it really does. 

DbesnH that contradict 1 + 1 - 2 ? 

A. No, because 1 1 « 2 is part of a different ganie« You expect 
different gaioes to have different rules. 

Q« Are our theorems really true? Lots cf them look peculiar. 

A. Let's just say that our theorems are provable . Provability is a sort 
of relative truth. Our theorems are provable from the basic rules, 
so they're just as Hrue* as the basic rules are. Provability is the 
only kind of truth that concerns the abstract mathematician. 

Does sequence arithmetic have any other name? 
A. It is often called a Eo olean arithmetic . George Boole was one of the 
early developers of the game. 
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Chapter 6 
FIRCT APPLICATION: STATEMENTS 



6.1 Sequences a s Truth Tables , 

Our first application will show you why sequence aritJ^imetle has often boon 
called the •arithmetic of logic •» It deals vith etatemente • Everyone knows 
pretty meh what a statement is, but here we* re going *-^^^e a fairly narrow 
view, GO let^s start with an example that shows what - *'ry about and what we 
don't* Here is a statement. 

dog has fleas.* 

This statement Is brief, graimatical and frank English prose, bat the only 
thin^ t^iat is going/ to concern us is whether the statement is true or false . 
Other things such as spelling; and punctuation won't matter. True or false is 
all tmt counts. But isn^t it |.>ossible that S3y dog may iiave fleas at one time 
and not at another? Maybe he gets a bath, or perhaps a more interesting host 
passes by and the fleas migrate. Suppose that my dog gets a daily inspection 
for one week. The rosuitc are recorded; t, for true, it^ans he lias fleas, 

t t t f t f t 

Clearly this Ic a popular dog. Tiie important point is, however, that in this 
row of trues and raises we have a sequence. This sequence doesn't use zeros 
and ones; it uses t^c and f's. But putting 1 in place of t and 0 in 
place of false, the sequence becomes 

1110 10 1 

and its moaning Is still perfectly clear. The dog is free of fleas only at the 
Wednesday and Friday inspections. Since our only interest in statements is 
whether they are true or false, this sequence of zeros and ones contains all we 
want to know about the statement 

'My dog has fleas,' 

Essentially it's the sequenf?e, not the English prose, ttot we need. The sequence 
of true and false values that goes with a statement will be called tiie truth 
table of that statement. 

With only one statement to play with, the action in this chapter would be 
limited, so here Is a larger supply; four statements named A, B, C and D. 
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A: % aunt Jias i'ieass, 

B: ^Sy brother has fieaa. 
Cj I'Et has rieas. 

D: My dog has rieas. 

Pleas will be- with uc throughout the ohapter so roiax and enjoy them. To at^t 

up I'or come Later .•cmi.utations, Duppore that inape-tloiis carried out on the 
aaiae seven days rcferrc-i to above produce, the foUowInt', truth tables. 

A: 0 0 i 0 I 0 0 
B: OOlOOOi 
C: 0110001 
D: 1110101 

'ITicre aro oLviouo impli.'ationia but let'i; leave tiicm to you to deduce. Notiee 
that the uame lottc-r balnc ^^od to represent both a iitatement and its truth 
table. That'.: Le<:auce, as far ais we«re t:oinc to be eoneerncd, the two arc In- 
acparaLle. Twu uiv.-IhI i^tatemcuLs .-ailed 0 «nd I will aico play roics. 
hc't'i; introduce these i:imply by tiielr truth tables, 

0 OOOUGOO 

1 1111111 

whioh make.. 0 u i:tat-ment that u; alwayr: l-alce and I a r.tatement that is 



aivfayi-. tru- (on thci;e Ea:rif ci'Ven day:;) 
aulta! iv t:iu'i !;■,(, j.rour- ir you -rfant to. 



You 



.•an translate 0 and I into 



N..-;-:t '.V ai:K in wliat. -^j^'^: ntatemt-ntG .-an be ..-ombined to make more -ompliea- 
tod atatesiK'titr, . One obvious example Ik, 

aunt has fleas or iijy brother has fleas.' 
Here two vV our stal.-mentr, have been oonne-Hcd by or. One or the other of these 
relatives I In trouble, inaybe even both. The possibility that botli may have 
fleas indi-'utei^ that the word or plays a double role in ianeruaee. SoraetimeG it 
Beane 'either or both* and .sometimes «one or tb.e other but not both.' The usual 
decision at : nis point is to use an inelusive or. Tl;is meanij that when tw 
statements are oonne.-tod by or, the combined statement is .-onsidered true when 
cither or i-oth of the parts are tine. In our ease, referring,' back to the i:e- 
qucn-es A and h, the .:oinbinod statement then has this truth tabic. 

A + B: 0010101 
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Tlift only ymy for the cosbined staten^nt to be false io for both of its parte to 
be faLse, and that seems to tiapp€?n here ajore often tiuin not. It takes only a 
xscmnt to realize t^mt or is nov playing that saiae role tiiat addition plays in 
sequence arithnetic* If we add the sequences A and B by the first basic 
lule of sequence aritiimetic, making 



0 


0 


1 


1 


+0 


+1 




+1 


0 


1 


1 


i 



tlien we ^et correct true-false values for an inclusive or combination of state- 
ments. {The only way to get a 0 is from 0 4-0.) For this reason our latest 
statement and its truth table will be called A + B. 

A + B; My aunt iiae fleas or my brother has fleams. 

You can begin to see an ^aritiiniet of statements' developin^^, with + meaning 
or . 

You can also probably ^ue^s what comes next. Another familiar way of com- 
bining statements uses and . For example, 

'^^y aunt has fleas and ray brother has fleas.' 

Common usai^e tells us tiiat the combined statement is true only when both parts 
are true. In our case, roreri'ing tjack to the sequences A and B, the com- 
bined statement has thiz truth table. 

AB: 0 0 1 0 0 0 0 

Only on Tuesday did both people have fleas. Surely this is reminiscent of se- 
quence arittimetic, with and playinc the role of multiplication . If we multiply 
the sequences A and B by the second basic rule of sequence arltlimetic, 
making 



0 


0 


1 


1 


X 0 


X 1 


X 0 


X 1 


0 


0 


0 


1 



then we get correct tnie-false values for an and combination of statemcntii. . 
For this reason our latest statement and its truth table will be called AB. 

AB: Ify aunt has flear, and my brother iiar. f Ir^ar. . 

The arithmetic of statements is {jrowlri^^. The next stei U" to conslcUrr a state- 
ment such as 

*Mj^' aunt dot'S not have flear-,' 



Rererriats back once acre to the sequence A, it's easy to produce the truth 
table that we need here. 

At llOlOil 

It's impossible to eocape noticing that not has the same effect on a truth table 
that inversion haa in sequence aritiunetic. If we invert a sequence by the third 
baaic rule, replacing 1 by 0 and 0 by l, then ve do get the correct 
tivth table for our latest statement. For this reason the statement will be 
called A. 

A: HSjf aunt does not have fleas. 

The tiiree operutionG of sequence arithmetic iiave now been translated into the 
language of statements. 

PKOBLEJl 1. Translate these symbols to English prose, 

CD: 

C 1- D: 
C: 

and this English prose to the symbols of sequence arithmetic. 

My aunt has fleas and my cat has fleas. 
% brother does not have fleas. 
^5y aunt has fleas or my oat iias fleas. 



6.3 Translation . 

^^uving.on to slightly more interesting translations, how does 

AB: 

sound in English? If you come up with aunt has fleas, but .-ny brother does 
not' then you're right. The word but plays the same role as and in places like 
this, at least in so for as truth or falseness is concerned. Try another. 

ABC: 

A direct, but wordy, translation is aunt iias fleas and my brother has fleas 
and my cat has fleas. « But surely anyone would shorten that to •>iy aunt and 
brother and cat all have fleas.' Here arc come more ablreviated but accurate 
translations ♦ 



A + B: Either my aunt doesnH i:iave fieas or n;^^ 
brother doesn't • 



A ^ B: It isn*t true that one or both of them hafs fleas. 

A BCD: Only the cat and the dog imve fleas . 

Examine them carefully to see if you agree. 

To discover when one of these statements is true and when false, one sys- 
tematic way is to use the syii^Dolic translation. Tuke the last statement as an 
exas55le* From the truth tables A, E, C and D the computation of A BCD by 
the rules of sequence arithmetic is routine. 

A BCD 0 1 0 0 0 0 0 

So *Only the cat and the dog have fleas' is true just on Monday. For the next 
to last statement the truth table Is 



A-fB 1101010 

and so 'It isn't true that one or both of them has fleas' is false on Tuesday, 
Thursday and Saturday. 

PROBIi:!^ Match these statements with the symbols which follow by writing 
one of the letters £ to Z before each statement. 

All four iiave fleas. 

It IsnH true that all four have fleas. 
At least one of them has fleas. 
Only the dog has fleas . 
Exactly one of them has fleas. 

My aunt has fleas, and so does either iny brother or 
my cat or niy dog. 

None of tiio four has fleas. 

Either :qy aunt or ray brother tos fleas, and so docs 
either the oat or the dO£.- 



S - ABCD 

T ^ A(B + C + D) 

U - (A + B)(C + D) 

V ABCD 



W - A B C D 
X-A + B + C + D 

y ^-^ A B C D 

Z ABCD + ABCD + ABCD+ABCD 



t 



PKOBm-I 3. Wlien is the statejaent «It isn't true that they all have fleas* 
false? 

PROBLEM h. When is the statement 'Either ssy aunt or ray bi-other has fleas, and 
so '•'oes either my cat or n;y dog* true? 



6,k Simplif igation . 

Kow tiiat you've iiad a little practice at translatine back and forth be- 
tween the languages of English and sequence arithmetic, let's apply the strat- 
egy, or theory, that we've worked out in earlier chapters. As a first example 
take the redundant 

*% aunt has fleas or ny aunt has fleas.' 
whlc-h clearly translates to 

A + A. 

Since we 'know that A + A - A, our redundant statement simplifies to 

'I^' aunt has fleas.' 

Of course, in this sta^eeringly simple example the strategy of sequence arith- 
metic is more a luxury than a necessity. A toddler could make this simplifica- 
tion without leaving the field of KngUsh prose. One important point bears 
repeatirit:, iiowover. The original redundant statement and its simplification 
are clearly not identical. They differ in ien,;i punctuation, and many other 
ways. But, and this is the point, both have identical li-uth tables. As far 
as truth or falseness i^oee, there's no difference betwen them. Here's a 
second easy example. 

'It isn't ti^e tljat my aunt does not have fleas.' 
After spotting the double negative you'll surely decide that tliis is Just 

aunt has fleas.' 

all over u^ain, Just by optical incii)ection. But w)iat is tlie s^Tnbol for this 
redundant statement? Isn't it Just A ? And don't we liave a theorem which 
guarantees tiiat A A ? This theorem is acain a luxui-y ratlicr than a neces- 
sity for this particular problem, but at least theory and common sense both 
lead us back to statejnent A. 

Graduating now to some slightly more ehallcmi-inij; examples, consider the 
statement 

'My aunt and brother both liave fleas, or else 
she does but he doesn't.' 



l4(- 

JC 



Perhaps you can see at once hov that statement can be simpiiried. But whether 
you can or not, here ie hov It translates, 

AB + AB 

which will strike a familiar note* According to Tiieorem 1^), such a se^uenee is 
identical with A Itself, 

AB + AB ^ A 

in so. far as truth is concerned. So once again we can simplify what we have to 

'>br aunt has fleas.* 

Next conipar^ these two statements. 

A B: Neither my aunt nor m^^ brother has fleas* 
A + B: It isn't true that one or both of them does. 

You can choose between them strictly on the basis of brevity or ^darity or 
personal taste, because our old result about the inverse of a sum and the 
product of the inverses (Theorem ll) shows they have identical truth tables. 
The same is true of this pair. 

(A + B)(C -f D): Either my aunt or biother has fleas, 
and so does either my cat or my dot^# 

AC AD + BC -^ BD: ^5y aunt and cat both have fleas, or else 

she and the dog do, or maybe it's iny 
brother and cat, or maybe iTiy brother 
and dog. 

Tills time Theorem jO comes to our rescue. The Engllr,h prose is t^cttinc more 
complex, and translation into the symbols of sequence aritiimetic be^^ins to 
look more like a necessity than a luxury. Our theorems can be a help in com- 
paring and simplifying complex statements. Of the above pair (A + B)(C + D) 
seems both simpler and clearer. 

PROBLSK 1). Write either A, I or 0 on the lines provided to riiov what the 
following statements can be reduced to* 

Either my aunt does have fleas or else she doesnH. 

My aunt has fleas and she doesn*t have fleas. 

y\y aunt has fleas and ray aunt has rieas# 

Eithicr aunt has fleas or else she and iny brothta* botii do* 



PROBUM 6. Do any or these statements have the same ti^tii table? 

a) Either cjy aunt or ay brother has fleas, and one or the 
other doesn't. 

b) Either niy aunt has fleas and my brother doesn't, or 
vice versa. 

o) Either iAy aunt or ay brother has fleas, but it isn't true 
that they both do. 

PROBUM 7. Do these two statements have the same truth table or not? 

a) My aunt has fleas but oy brother does not, or else he does 
but the cat doesn't, or maybe the cat does and ay aunt 
doesn't. 

b) Viy aunt doesn't have fleas but ay brother does, or else he 
doesn't but the cat does, or aaybe the cat doesn't and 

niy aunt dees . 



6,5 Th^ i^,d^ or the Tiger . 

For a final example let's get away from fleas and puzzle out this ancient 
dilemina. A captured warrior, the prince of his tribe, is given the following 
sportlnt! cfmnce by the chief of his captors. 'You see these two doors. Behind 
the one ic daughter, behind the other a hungry tiger. I shall have either 
one or these doors opened, whichever you choose. To help you I will permit you 
to put one stateaent to one of these two guards. He will answer simply true or 
false. However, I vam you tiiat one of these guards never speaks the truth, 
whereas the other never lies.' 

What statement should the warrior make? At first glance hi.s chances look 
about fifty-fifty, but every student of logic has tliought his way througli at 
least one old ..'iiestnut of this sort, so watch how the apparent fifty-fifty can 
be turned into a sure thing. There are two basic stateuients with which this 
warrior is concerned. First, pointing to one of the two doors, he could tsay, 

A; This Is the lady's door. 

(Ifotice that A now represents a different statement; it doesn't refer to 
aunts and fieao anyinore.) The other basic statement is, pointing to one of 
the two guards, 

B; You tell the truth. 

O i f 



Our imrrior's problem is that he doesn*t kaov whether these ij:i5>ortant state- 
ments are true or false* If it occurs to his to try all the various combina- 
tion* of true and falae^ then he might be led to consider these tiruth tables 
for A and 6* 

A: 0 0 11 
B; 0 10 1 

There are four possible combinations^ and each of these four short columns dis- 
plays one of those combinations* In column one, both statements are false; in 
columns two and three, one is true and one false; in column four, both are 
true. Rit in aether way, our warrior's problem is that he wn^t know which of 
the four columns he^s picked, when he chooses one door and one guard. Eventual- 
ly, it might occur to him that it would be awfully nice if he could arrange for 
the guard's answer to be as follows. 

Guard's answer: 0 0 11 

Call it wisliful thinking if you want, but if our warrior could formulate a 
statement which would bring these replies (depending on which door and which 
guard he points to) then his problem would be solved. Because this truth table 
is identical with tliat of A, so that a reply of 'false* comes just when A 
is false, and a reply of 'true' ccanes Just when A is true. He can believe 
the answer he get s, at least for distinguishing doors. (He still won't know 
whether it was the truth-teller or the liar who answered, but presumably he 
doesn't care.) 

But what statement can possibly achieve this miracle? Take the four 
columns one by one. In the first, the guard's answer is to be 'false.' But 
in this column B happens to be false, so it's the liar who is giving ttds 
answer. If the liar says 'false,' then the warrior's statement would have to 
be true I so the truth table for the (still unknown) warrior's statement would 
have to lead off with a 1. In the second column the guard's answer is still 
'false,' But here B is true, so it's the truth-teller speaking. And if the 
truth-teller says 'false,' then the warrior's statement would have to be false. 
Argue it out for the remaining two columns yourself. The truth table for the 
warrior^ s statement would have to be this. Ed you agree? 

Warrior's statement: 10 0 1 

So now we face the Job of producing a statement which iias a specified truth 
tmble^ If this brings recollections of 'the method of only four distinct col- 
umns'^ t^iat got heavy use in Chapter h, then you're not far from the finish. 
One statement which lias such a truth table is AB + A B. 
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AB + AB: iOOl 

Check that by the usual ruleu ol' cequence arithmetic if you have to, but this 
is a suitable miracle statement for our warrior. Translating it into English 
prose, we have »ThiB is the lady's door and you tell the truth, or else it is 
not the ladj-'s door and you Ue.» If the guard fully understands this staxe- 
nent, our man is safe. At least, he can have the lady instead of the tiger. 

If you enjoy this oort of thing, here is an easier one that you can figur« 
out in your head. An explorer is in a region inhabited by two tribes, -nie 
members of one tribe always lie, the neidbers of the other always tell the truth. 
He meets two natives. 'Are you a truth- teller?* he asks the tall one. 'Goom,* 
the native rcpliee. »He says, yes,' explains the short native, who Dicaks 
EngllBh. 'Him Lie liar.' Vftiich tribe did each belong to? I doubt that you'll 
need any cequence aritlimetiL? to find the answer. 



t>»C Smnmaiy . 

The- fxami IcD oi' this chapter have obviously been light-hearted. Their 
puriKjr.f hur. icon to ^hov the close relationship between setiuencec and state- 
ments, and to su^t^oct liow sequence arittoetic can be helpful in uncnarling the 
logl.- ol- 'ov.iiU'x ctatemc.itE. It will no doubt be a lone tlm before courtroom 
triair. and l.-clalatlve affaire ur^. -onducted in symbolic lantiuafo but the jos- 
cibllLtj Ir: not beyond the realin of ccioncc fiction. 

Notlc- fartlcularly that. In this application, tlie Idcac of sequence 
arlttuaotL- ^ck up a kind of 'meanintj,* 0 Bfaning false, 1 meaning true, 
+ m.- uninc or, and co on. And the mysterious 1+1 = 1 meano simply that 
wlu n i-XaUmts A and fc urt- botli tt-uc, then su is A + B. It amounts to 
our dc.'leIon to ucc an Incluclvo or. If had voted for 'cither one or the 
tc r tut not both,' tiiun i ^ I would bo 0 instead of 1. So tiie mysteiy 

iiulved, and an f,o orten hapi-ens, the tjolution provcc to tc ejitreraely simple. 
r-M- two altorether dUTcn.nt- looking solutions, however, see Chejterc 7 and 8. 
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Chapter 7 
SECOND APPLICATION: SJBSETS 



7,1 Sequences as Membership Lists . 

Suijpoae there are Just ten prisoners in a sraall Jail. -The following table 
BhowB which of the ten belong to certain groups, or to use the official term to 
certain subcetB. For convenience the subsets have been named A, B, C and D. 

123456789 10 



(Rediieads) A: 0110010001 

(First offenders) B: 0011111100 

(Six-footers) C: 1000110001 

(Females) D: 0001011000 

The cymtol 1 meanc tiiat a prisoner belongs, and 0 means he doesn't. Prison- 
ers L", i, 6 and 10 are redheads, the others are not. Prisoners 3 to 8 
are first offenders, and so on. Each i-ow of this table amounts to a membership 
Lint for that particular subset. Obviously each row is also a seciuence of O's 
and I'r., and we arc Eoine to use the letters A, B, C and D to represent 
theci; cequpnces. So these letters vill be doine double duty, representint; both 
the subsets and the sequences, but this won't cause us any trouble. The se- 
quence is the ncmberchip list tl ■ tells who belongs to the subset and who 
doesn't, and this question of meniberEhip is the only thing about the subset 
that will concern us. IjOtc of other subsets can be imaeined, and the approp- 
riate membership lists could be worked out from the Jail records, but two spec- 
ial auUscts deserve sf^eclai mention. 

1 L- j 4 tJ 6 7 a 9 10 

I: liilllllli 
0: 0000000000 

Subset I Includes all the prisoners. It is the master subset (or set) from 
wiiich the other subs.cts are drawn. It may seem odd to call it a subset, but it 
does no i;am. Subset 0 Is called the 'empty subset* and it's easy to see w}:y. 
It iias no members at ail. It may also seem odd to call this a subset, but it's 
customary and useful. 

PROBIiEJl 1. W]mt can you cay about prisoner 6 ? l^iat about prisoner V ? 
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7f2 Union . Intercection and Coaplement . 

Which prisoners are either redheaded or first offenders? To put the aaxae 
dueation in another ««y, if « merge the subsets A and B into a single sub- 
set, who belongs and who doesn't? Here is the mesibersMp list which provides 
the answer. 

(Redhead or first offender) Ollliiiioi 
Check it yourself. Prisoners 1 and 9 are the only ones who fail to 
luaUfy. This new eubset is less exclusive than either A or B. To be 
adaitted to the aerger it's enough to belong to A or to B or to both. The 
only way to fail is to be in neither A nor B, like prisoners i and 9. 
I hope this reminds you of the addition process of sequence arit^uaetic. If ve 
add sequences A and B we get exactly the membership list for our merger. 

A + B: 0111111101 
And this is no coincidence. The only time ve want a 0 here is when A and 
B have matching O's. And that is precise^' wiat sequence addition offers uc. 
The merger of two subsets A and B is called their union. Ve represent it 
by A+B. Next, which prisoners are both redheaded and first offenders? Here 
is the membership list which provides the answer. 

(Redheaded first offender) 0010010000 
Only prisoners 3 and 6 quality. TliiB new subset is more exclusive than 
either A or B. To be admitted you must belong to both A and B, and that 
will remind you of the multiplication process of sequence arithmetic. If we 
multiply A and B we get exactly the membership list for our latest subset. 

AB: 0010010000 
And this is no coincidence. The only time we want a 1 here is wiien A and 
B liave matching l«s. And that is precisely what sequence multiplication 
offers us. This new subset is called the intersection of A and B. It is 
also known as their overlap, since it picks out the common members of both. 
The intersection of A and B is represented by AB. One operation of se- 
quence arithmetic is left, inversion, and its application to subsets isn't hard 
to guess. Which prisoners are not redheaded? Here is the appropriate member- 
ship list. 

(Not redheaded) lOOllOlllo 
To belong here a prisoner must not belong to subset A, and vice versa. This 
leads to a complete reversal of the O's and I's. Inverting the A sequence 
certainly brings this same result. 
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A:l00110ilI0 

Our uew subset is called the coaplement of Aj or soBietimes the inverse • It 
Lb reprtisented by A. 

And so ve coaie to the conclusion that whenever subsets are laerged, inter-* 
sected or complemented, their membership lists are added, miltiplied or in- 
verted according to the rules of seq^uence arithmetic. A few more examples will 
be enough to make this crystal clear. The subset of prisoners who are red- 
headed, but not first offenders (in A but not in B), has this membership 
list. 

A£: 0100000001 

Only prisoners J and 10 qualify. The subset of prisoners who are redheaded, 
not first offenders, and female (in A, not in B, in D) has this member- 
ship list. 

aSu: 0000000000 

Nobody qualifies. This subnet is empty. If ve ask for redheads who are also 
either first offenders or very tall (in A and also in either B or C) 
then the list 

A(B ^C): 0010010001 

shows that prisoners j, 6 and 10 ^re available. Once a subset has been 
described in the symbolism of sequence arithmetic the computation of its member- 
ship list bc'/omcs routine. 

FSOBLJI^ Com•^)Ute membership lists for the followin£ subsets and describe the 
membership of each* (For example, AD includes mle redheads.) 

AD: 
ABCD: 
AD + AD: 
(A + B)(C + D): 
A B: 
B + D: 
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7.3 Subset Diagrams . 

In large sc.ie subset problems the use oi' sequences as m^atership li.ts, 
and Of sequence arithmetic for computing membership lists is neat, natural and 
nacessary. In a wide variety of inodern applications, ho«^ver, only a few sub- 
sets see action at any one time. For such problems, instead of identi^yini: 
subsets by membership lists, ve can use an ancient device called the subset 
diagrain. Imafc-lne some master set I, perhaps our ten prisoners or perhaps 
some much larger sot. Also imagine each member of I represented by a number 
or a spot ios.lde this square. 



To identify any sul.set of I we can now draw an interior boundary enclosing 
the numbers or spots which represent the members of that subset. For instance. 
If we gather the members of some subset A in the left half of the square, 
then a vertical boundary down the center encloses the members ol A in t^It 
half. It also puts the non-members of A (members of A) into the other half. 



One advantage of suLset diagrams already begins to appear. They offer us a 
clear picture of how various subsets are related to each other. Merging the 
A and A regions, for example, we certainly seem to have the entire square. 
This is how diegrans illustrate our A A . I theorem. It also seems crystal 
clear tiiat the A and A regions have no overlap, which illustrates AA ^ 0. 

With subsets A and A neatly sorted to left and right, suppose we also 
bring the members of some subset B to the top lialf of our square. A hori- 
zontal boundary through the center encloses B and B. 



B 
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Various unions^ intersectioac and compiesaents now become easy to visualize i 
Take theae Tour Tamous intersections first. They will remind you of four 
basic productG. 



AB 



AB 



AB 



A E 



Mcmbere of both A and B ore In the upper ieft quarter, where the A and 
B regions overlap; membor£ of A but not of B are at the lover left, etc, 
Togcth^'r thei^c four mi>rge to tnc niaster set I, nicely illustrating theorem I'O. 

ab + aS + ab^ab-i 

The union of or.i.. Ai5 and AS produces the left Ixalf of the square, which 
jtiil reprei:^;ir. -. utG-t A. Thlc illuctratea AB + aS - A. The other familiar 
unions have Ihi.i^^ diagranu:. 



A ^ B 



A 4 B 



iSince Giiaduv, of any subset 1^-aveu Its complement (or inverce) unshaded, and 
vice versa, we now iiave a yicturesfiue view of quite a number of theorems. Com- 
rare the diatT.rainB of A + B and A B, for inctance. They are complements, 
whieii i I Lui:tratei3 A ^ B - A B. Or compare tiic diagrams of A, AB and A + B. 
The flr:a two tot;etiier make the last, iiiustratine A-i^AB^A^-B, A few 
similar ro.suLtii are isuf jested In tiie followinij problems • This sort of pictur- 
esque dii'i lay of uriions, Lntcrccctlon and complements Is what has made subset 
diagramt; i^u f.-oj.ular. 
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fHOBLEK 3. As this diagrwa shows, prisoners 3 and 6 of our openin^^ example 
faU in subset AB. Indicate vfaether the others fail in A£, AB or A B by 
writing their mmijers in the appropriate (juarter. 



3^6 









PmBLm k. Rofer back to the diagrams of this section to properly shade the 
foliovlri£t 



AB + AB 



AB + A B 



A B 



A + B 



PROBLEMS. Compare the diagramB of AB and A ^ B. Wiich theorem does this 
illustrate? 

PROBLEM 6. From the diagram of A -k B note which three of the four quarters 
of our square are siiaded. What theorem does this illustrate? 

From diagrams of A + B and A + B deduce 
which parts of our square are in (A+B)(A+B), 
and shade those parts in the diagram at the 
right. Which theorem does this illustrate? 



PROBLEM 7. 



7.^* More Diagrams . 

For problems involving three subsets A, B and C a popular procedure 
is to group the members of C in a belt across the middle of the diagram, 
splitting each of the four regions we already have into two parts. 
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Keeping subset A in the left ^iait* of the diagram and subset B in the top 
iiaif, as before, it isnH difficult to locate various simple unions and inter- 
sectiona* Here are some typical ones, shaded as ucual. 



AC 



A + C 



A + C 



AC 



Tiie master set I has now been split into ei^ht parts. The significance of* 
each part Ig eacy to dlj^cover, and it will come ac only a mild surprise that 
these eltlht parts correspond to eight basic products. 



ABC 


ABC 


ABC 


ABC 


ABC 


ABC 


ABC 


ABC 



6 


2 


T 


3 




1 


k 


0 



lA -'omcs tiresome writing these products over and over, so each of tht^se 
ei^■iit subsets Is fc^iven a number, from 0 to 7, as shown at the right. (The 
pO[)ularity of this unusual number pattern viil be explained in Cliapter y-"^ 
Notlv-e first that subset Y is inside A, B and C. This makes it the home 
of AiiC, Ht: shown. Slnillarly, i;utset 6 is inside A and B but outside C. 
Tliis Biakes it the home of ABC. Check the other six yourself, to be sure you 
a^sree with tiieir [jroduft labels* 

Dla^-.rams of this sort offer us pleasant artist's impressions^ of our var- 
ious tht.'orems about A, B and C» I'ake first A, B ^ C and their inter- 
sec tiun , 



B ^- C 



A(B + C) 
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You can see that the subset at the right is the overlap of the first two. Sub- 
sets 'J, 6 and ? aaite up this overlap. Now take AB, AC aad their union. 



AB 



AC 



AB + AC 



You can see that the subset at : the right is the union, or merger, of the l-ir£:t 
tvo. Subsets 5, 6 and 7 make up this union. We have come upon 5, 6 and 
7 In two different ways and obtained a picturesque view oi' Theorem ^'3, 

A(B + C) AB + AC 

as well as of Theorem 3I. 

A(B + C) ABC + ABC + ABC 

Au a second example let's wat.-h AB + (A + B)Bc develop. (Sec Problem 7 for 
the diuL-ram of (A + B)AB or (A + B)(A + B).) 



(A + B)AB 



(A + B)ABC 



AB 



AB + (A + B)ABC 



Subsets J, 6 and 7 are included in the finished product. Now watch 
AB + AC + BC grow. 



AB 



AC 



BC 



AB + AC + BC 



A^ain it's the subsets J, ^, 6 and ? which are included. We have -oma to 
these four in tvo different ways and achieved a picturer.quc view of Theoreiiis 



and 33, 



AB + AC + BC .- AB + {A + B)ABC 

AB + AC + BC . ABC + ABC + Ai-C + Ai^J 
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The most popular wsiy to achieve a four-subset diagram is by a vertical 
belt down the center of our diagram, with the members of a fourth subset D 
inside the belt and the members of D outside. 



Keeping the areas for A, B and C just as before, it is still easy to locate 
the various Intersections and unions. Watch (A + B)(C + D) develop. 



A+B C+D (A+ B)(C + D) 

Also watch AC + AD + BC + BD develop. 



AC 



AD 



BC 



BD 



union 



Notice that in botii these examples the final result is the same, as Theorem 30 
guarantees . 

(A + B)(C + D) AC + AD + BC + BD 

It is i>ossibIe to develop diagrams for more than four subsets, but they become 
fairly' cor.iplieated and we'll leave them to the professionals. 

PROBIiSI"! B. Show tliat (A + B + C)ABC includes six of the eicht basic ai-eas 
by sJiadiaa eacli of the following diagrams. 



ABC 



ABC 



A + B + C 



(A + B + U)ABC 



Which of our theorems does this illustrate? 
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PRQBiat 9. Shov tiuit AB ^ BC + CA and AB + Ic + CA both include the 
six nuabered lubsets as in Problem 8. 

" I 'n f- ^ ^^^^^^^^^ 



AB 



BC 



CA 



union 



AB BC CA 

Which of our theoreniB does this illustrate? 



union 



PROBLEM 10. Show that ABC + (A + B + C)AB + AC + BC includes four of the 
eight basic areas, (Refer back for diagrams of AB + AC + BC 
and A + B + C.) 



AE + AC + BC 



AB + AC + BC 



A + B + C 



(A+B+C)AB+AC+BC ABC final 

Which of our theorems does this illustrate? 

PROBLE24 11. One of the following two subsets is identical with the subset of 
Problem 10. Use subset diagrams to discover which one it is. 

a) [(A + B)AB + C](A + B)ABC 

b) UA + B)AB + CjA + B ABC 

c) [(A + B)AB + Cj(A + B)a1c 
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PROBLEM 12. Each of the sixteen parts of this diagram corresponds to one of 
sixteen basic products • Prisoner 3 
(of our opening example) falls into 
subset A B 7 and prisoner 6 
into subset ABCD, as shown. Write 
the number of each of the other 
prisoners in the appropriate part. 
Which basic product represents that 
part of the diagram? 

PROBLEM 13 • Show that A{B 4-0 4-0) includes seven of the sixteen parts by 
shading each of these diagrams. 



A B 4- C 4- D A(B 4- C 4- D) 

Also show that AB 4- AC AD includes exactly the same seven 
parts. 



AB AC AD AB + AC + AD 

PROBLEM A possible objection to the horizontal and vertical belts we have 

used to represent subsets C and D is that they leave C and 
D disconnected. (Each consists of two separate strips.) This is 
not a very important objection. Major users of subset diagrams 
don't mind the disconnectedness. Perhaps the most amusing way to 
connect up the separate parts of C is to convert our square 
into a cylinder by bringing its top and bottom edges together* 



top edge— ^ 
bottom edge--^ 



3 










6 
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PROBLaJ Ik, (Continued) 

Subset C can occupy the front face of the cylindex* and C the 
rear face. Where will A, B, D and their inverses end up? 
This stiU leaves D disconnected. Hov can its two parts be 
brought together? 



7 .13 A M^ise-I^ze Problem . 

The main purpose of this chapter imB been to show that certain problenis 
involving subsets are applications of sequence arittimetic, with the Ideos of 
union, intersection, and complement playing the roles of addition, multiplica- 
tion and inversion. When only a few subsets are involved at one tiiae tl-ie re- 
lationshipG between them are neatly exhibited by subset dia^ii-saiis, vit-h the 
result tliat sequences (plaining their roles of membership lists) aelioa see 
action. In more complicated problems, with many subsets involved, diagraas 
become more confusing and it is probably wise to work directly wi-th the se- 
quences themselves. In such cases calculating machines will probably be used 
for the computations. Mrichines handle the longest sequences vith relative ease 

The idea of subset finds a place in almost all jiarts of matheJUatics, so 
we'll close up this chapter with two typical small-scale exemplee . Suppose 
twenty mice are introduced one-by-one into a maze. If a mouse coines out. the 
correct exit he is rewarded with a piece of cheese; otherwise he ^etc nothing 
iiach mouse makes three trios. With A, B and C reprpsentinL' tiie subsets 
tiiat make successful first, second and third tries, respcctivc-ly , the results 
are as shown here at the left. (At the right is a reminder of our basic 
pattern. } 



0 


1 


3 


i 


1 


k 


0 





ABC 


ABC 


ABC 


ABC 


ABC 


ABC 


ABC 


1 — 

ABC 



The diagram provides a simple summary of tJie results and cen be used to answer 
numerous questions about the experiment. 



Question 
Answer 

Answer 

Question 
Answer 

Question 
Answer 

Question 
Answer 

Question 
Answer 

Question 
Answer 

Quest ion 
Answer 

Quest ion 
Atiswer 



How^aan^.'' niice were sueceBsl\iI every time? 
Look in ABC. Tiiree mice. 

How laany wei'e never successful? 
Look in ABC, Eight mice. 

How many didnH make it until the final try? 
Look in ABC. Four inice. 

How many made it on the vei^y first try? 

Subset A occupies the entire left half. Four snlcc. 

How maqy made it on the second tr^*^? 

How many on the third try? 

How many mice had at least one success? 

How many times was a success foilowed by a success? 

How many times was a r^^ccess followed uy a i'ailure? 



This example borders on the subject of probability in whii-li subsets play e 
concpicuous jjart . 



7*^) A Prob 1cm of Pete ;-t ion . 

Supiose that the follo^^int: somewhat improbable facts are tinic. 

a) TIjc murderer wore a tall silk hat. 

b) Ali Ii'isi'imen art- rediieaded. 
i) The butler's name ic 0*Brien. 
d) Redlieads never wear hats. 

Wlxat can be deduced? Presumably a cood dete^-tive would unravel the facts 
no time at al. , but as a last example of Dubseta let's utretch thin^^s out 
bit^ using these aubcets. 

Irisiimen H. Hat-wearers 

B. Ihe butler M. The murderer 

K, Rcdiieai;: 

6i 



Subsets B and M have oaly one n^er each, and our problem is to discover 
whether or not B and M are the same. Fact (a) puts subset M inside of 
subset H. For situations of this sort a slight variation of our subset dia- 
gram is more convenient. Instead of dividing up our sciuare in the now familiar 
patterns, vre Just draw loops surrounding the members of each subset. To show 
tiuit M is completely inside H, we simply put the M loop completely inside 
the H loop . 




Take fact (d) next. It guarantees there is no overlap between rediieads and 
hat-wearers. So subsets S and H must not overlap on our diagram, which 



now grows to this. 





Coming to fact (b) we find that the whole of E is inside R. 





Finally, fact (c) puts the butler somewhere inside E. 





The diagram now shows clearly that B and M are not the same man, which was 
probably crystal clear in the first place. It may not be current practice to 
use subset diagrams in criminal investigations, but you can at least see the 
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pOfiibiUttcs. In a complicated case It may even be useful to bring xaaabership 
llata Into actioni and let coc^puters do the detective work. 



PROBLSC 16. Assuming that 

a) no one who is going to a party ever fails to brush his hair, 

b) no one looks fascinatingi if he is untidy, 

c) opium eaters have no self-coznaand, 

d) everyone who has brushed his hair looks faseinatii^, 

e) np one wears white kid gloves unless he is going to a party, 

f ) a aan is always untidy, if he has no self-coaanand, 

make a deduction' which uses all these facts. (This is one of 
many such problems created by Lewis Carroll, the author of 
Mice in Vtonderland.) 



7.7 SiinimRry . 

Tliis chapter, like the last, has been intentionally light-hearted. It 
has tried to show how secjuence arithmetic is related to subset affairs. Notice 
particularly that the I's and 0»6 of our sequences have again been assigned 
a ^meaning.' In our first application they meant true and false, and sequences 
were truth tables. Now 1 and 0 mean member and non-meaber ^ and sequences 
are membership lists. And the mysterious 1 + 1^1 now means merely that 
heing in A and also in B surely puts you in the union A + B. Things that 
look so strange in abstract mathematics can look so simple in the application. 
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Chapter B 
THIRD APPLICATION: SIGIiALS 



O.I Sequences as Signals * 

Now w turn to an application Uiat vill be ^ivcn rnorc extensjive coverage. 
Not tliat statements and DUbsets aren't important, but thic third ap]:dication 
vill get the lion*u share of our attention because or a ^surprising twii^t that 
it taKes. To begini iioa^ine that tbeae six cards 

□ □ n □ □ E 

I J 3 ^ 5 ^ 

are c.lii ped, one by one, between a wim and a hot electrical .^onta.'t. 



wire 



hot contact 



card 



Cardc \j and 0 liave a hole punched in them, tiie others do not. So it' 
things are? lined up accurately, the wire will touch the hot contact only wlien 
curda '^'f p and 0 are In |H3Gition» Contact will be made tlirout:;}! the holes, 
and current will flow in the wire, Wlien cards 1, j and h are in josition 
there ii:i riO hole, no contact, and no current. As tiie six cards are slipped 
suececGivoly Into position, the electrical ex])ericnces of our wire can l-e ir.iim- 
marized In thlr, way, 

0 10 0 11 

where 0 iitandc for a cold wire (no current flow) and 1 Tor a hot one* Our 
electrical apparatus auiounts to a sort oV *card reader.* It converts a sequence 
of cards, with ^loles or without, into a secLUcnce ol' electrleal hots and colds. 
The wire .'arrioc a sort of elei-trical slgJ^al, arid our sequence of seros arid ones 
is a record of that signal* In the chapter this is the sort of role that se- 
(juences will play* l^iey will represent electrical, ^'itrnals. 
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S.2 The X and 



boxes . 



The simplicity of converting se<iuences to electrical form has led to the 
invention of devices for adding, aultiplying and inverting sequences, according 
to the basic rules of sequence arithmetic. For example, a «plua box» will take 
any two electrical sequences as 'inputs* (call these input sequencer A and B) 
and produce the correct sequence A + B as 'output.' 



A. 
B. 




A 4 B 



It t&kee each pair of values of the input sequences in turn and generates the 
correct output value. In the following example the successive steps are 



0 + 0 



1 + 0 



1, 0+1=1, and so on. 



010011 



001010 



+ 



OUOll 



The plus box is desij/ned to perform this familiar addition process. It pro- 
duces a cold output only when both input contacts are cold. How it does this 
is not something we'll go into here, but a few hints are offered in Problem 1, 
Tlicre io also a device which we'll call a 'txmes box.' It takes two input se- 
quences, A and B, and generates the product sequence AB, value by value- 



A 
B. 



For the same input sequencer used above, the successive ctepr, are 0 x 
1x0. 0, 0 X I ^- 0, and so on. 



010011 


X 




CX)1010 — 


' 000010 
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The tljaes box is designed to perform this familiar roultipii cation process. It 
produces a hot output onljr when both inputs mre hot. Finally, we need come- 
tbing that inverts sequences* Calling it a ^dash box,* this one takes any 
Input sequence A and generates tiie output A, value by value. 



In this example the successive steps are 0 « 1, 1=0, and so on. 









OlOOU 






101100 







These X and - boxes provide a way of doing tte computations of sequence 

arithmetic electrically. If you're still wondering what they look like inside, 
the ansver is that modem devices are made of tubes or transistors, and you*li 
have to look elsewhere for the details. But it may be amusing for you to ex- 
amine the following diagrams of old-fashioned +, x and - boxes and try to 
guess which is which. You'll probably need help even here, so donH forget 
tlmt for our purposes it doesn't reallj^ matter. 



JPRQBlJiM i. Identify these old-fashioned +, x and - boxes. 




^•3 ElectrlG»l Machines ; Analysis and Simplification . 

Suppose we connect +, x and - boxes together to make ncre coiaplicated 
•lectrlcal madiines. As & siaple first illustration, let»s figure out hov 
Machine 1 behaves. 




MACmME 1 



(Where vires are Joined at a soUd spot, as at the left of this diagrao, it is 
to be ..noerstood that both are hot together or cold together. They carry iden- 
tical sequences, or signals, and can be treated as a single vire.) Since there 
ia only one input to the machine (at the left), «e could simply ask what happens 
when tli&t input is cold and what happens when it's hot. You can probably fig- 
ure that out in your head, but these two diagrams may help. 




Each wire is labeled, with 0 if it's cold and 1 if it's hot. In tJie first 
diagraia the input is cold; in the second diagram the input is hot. But in both 
cases the outjjut is hot! So whatever seq^uence of zeros and ones is fed into 
Machine 1, the output will always be hot. This is a brute force method of 
analyzing siachine behavior, but it does work. 

Now let's apply a more sophisticated analysis to the same machine. What- 
ever the input signal sequence is, call it A. Then the sequences, or signals, 
being carried in the various other wires can easily be labeled. 




A + A 
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And the output is A + A. But one of t^ie theoreniB of sequence aritlmietio 
euarantees 

A + A - I 

so our output here is I, a cequonce of ones. Brute force and strategy agree; 

the output of Machine i will always be hot, making it plain t^uit tiie machine is 
actually ucelesa. We can ^et ein always hot output much more cheaply, Ju£:t by 
connootin^ a wire to a wall outlet. The price of the dash and plus boxes can 
be DBvedm 

Analyzing: machines becomes more interesting ^en there are more inputs. 
For examplcj wliat does Machine 2 accomplish? 




MACHINE 2 



With Juct two inputs wo could apply a brute force method, making one input the 

ccq,ucncc 



and thv other inj^ut 



0 0 11 



0 10 1, 



Tiiis would show u:^ what happens in the only four possible situationc this 
machine can facu. But it's more elegant to use strategy* Labeling: the inputs 
A and B, we proceed to identify the sequence, or signal| being carried in 
ea'?h wirc». The results look like this. 




A + AB + B 



The final out^^ut is A + AB -f B* Can tills be simplified? Tlie combination 
A 4 AB lookD familiar, and checking our theorem list you would soon be reminded 
(2ce Theorem l6) that A ^ AE ^ A, for any pair of sequences A and B at 
all* The final output of Jiachine 2, namely, A f AB + B, can therefore be sim- 
plified to A ^ B, and the machine can be replaced by a ^unt-le plus box. 



A 

B 



A + B 



The other two boxes can be put back on the shelf for future use, or else re- 
turned for a refund. 



Ac a third example, here is Machine 3. It has tiiree inputs. A, B 



and C. 




AB + AC 

MACHINE 3 



The sequences in all other wires ^mve also been labeled, and the output is 

A£ + AC. But Theorem 2i sa^s that AB ^ AC Is the same sequence as A(B + C), 

and so Machine 3 could be replaced by the simpler >kehine J*. 



B 
C 









B ^ C 




- 






X 













A(B + C) 

MACHINE k 



Hhese three examples may be enough to suggest how the strategy of seq.uence 
arithmetic is used to analyze and simplify electrical iBaciiines. 



PROBLEM 2. Label the sequence in each wire of Machines 5 and 6. Wliich of our 
theoreiac do they illustrate? 



MAGHIHB ^ 




MACHms 6 



7i 



ERIC 



PROBI^ 3# Label the sequence In each wire of Machine ?• 




mCHIKE 7 



Show that the isachine can be replaced by Just one of our simplest 
boxes {-f^ X or -). 

PROBLEM k. Siiow tliat Machines 8 and 9 produce the same output sequence. 



B 




MACHBE 8 



MACHINE 9 



PROBLEM 5. Show tliat Machine 10 can be repla^!ed by a single box (v, x or -) 




MACHIKE 10 



(Wliere wires cross witJiout a solid spot, as at the upper left of 
tills diagram, there is no contact between them; they are insulated.) 



PHQELad 6, Analyze Machine 11 and then simplify it to a two-box machine. 



MACHIME 11 
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^'^ SlectrXeal Machines: Design . 

Let's turn now frcaa the analjrsis of given machines to some exmples of hov 
jaachiaeB can be designed for specific purposes. Once again we'll use light- 
hearted examples, but the spirit will be right. Take the problem of the hall 
light which Iz supposed to respond to either of tw switches, one upstairs and 
one downstairs. If we suppose that the light should be off when both switches 
read off (see Diagram (a)) then it must come on when either one switch or the 
other Ifi turned to the on position (Diagrams (t) and is.)) and it will go off 
•gain if both switclies are turned on (Diagram (^). 



OFF 



OFF 



ON 



SSL 



ON 



ON 



ON 



9 



- 1 

Think It over, and experiment with a real hall light if you have to, but the 
light i;houid he on when the switches disagreeand of f when the switches agree. 
Using A and B to represent tte two switches, and using 0 for off and 1 
for on, wliat ic required for the hall light is a sequence, or sit^nai, which 
takes the value 1 whenever A and B disagree, and the value 0 otherwise. 
This can be aunmarized as follows. 

Switch A: 0 0 11 
Switch B: 0 10 1 
Hall light: 0 i 1 0 

Each column covers one of the only four situations that can occur. In the 
center two c-olumnc, for example, switches A 'and B disagree, so the linll 
Ugtit should be on. In the other two columns the switches agree, and so the 
light should be Off. Only four columns appear because these represent the only 
four distinct situations which can arise. Now the problem is this. What com- 
blimtion Of A and E behaves in this particular way? If you want to find 
oat for yourself, then turn back to Chapter k. In pai-ticular, notice once again 
haw. the special products AB, AS, AB and A B behave in the four distinci 
■Undj; of column we face. In particular, AS and AB behave like this. 

AB: 0 0 10 
ABi 0 10 0 



ERIC 



7^ 



This suggests t^is^t & suitable sequence for the hall ligiit will be the sum of 
these two products • 

A£ + AB: 0 1 i 0 

Sow that we have a formula for the hall light aetiueace, it's an easy job to 
diagram tlie appropriate machine, (tlachine 12.) 




Label each wire yourself, according to the sequence it carries, and discover 
tliat the output is really AS + AB so that this machine will properly control 
the liall llglit. Of course, there are jmich cheaper ways to provide proper con- 
trol for a hall ii^ht, without uiiine X and - "boxes at all. But thej point 
here is that we have designed an electrical machine for a specific task. 

Cheeking back to Theorem L^l you will find t^iat (A + b)(A + B) is the 
same as AB + AB. Tiiis suggests a second way in which a machine* for hall ligiit 
control could be designed. However, a count of the number of boxes required 
siiowfl tiiat Lu each case it takes five boxer, to produce the output wanted, so 
there is no advanta^^e in usirij^ the (A + B)(A + B) machine as a substitute. 
B'at looking at Thc-orom .:2 does suijgest a simplification. The sequence (A+B)AB 
is also the same ao AB ^ AB and it requires only four boxes. One dash box can 
be saved. Ctieck the following diagram of >5achine 13 which produces (A + B)AB, 
Label each wire according to the sequence, or ^lignal, which it carries. 



Switch 
A 
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hall light 



MteiUnes wJdch produce correct hail light beliavior will find a con^letel^ dif- 
ferent application in tlis next chapter. 

Suppoae we arraafic that the hall Ught shall be on viienever the two 
•witcheE A and B agree, and off otherwise. That«s Just the opposite of 
what we«ve Just finished arranging, and it«s zxot the app«.ved system, hut once 
in a wWle a i;all light does get hooked up in this reversed fashion. The ap- 
pnoprlate sequence for the li^ht is now AB * A B because tMs coinbination of 
A and B takes the value pattern we've m.ked for in the four familiar columoa. 

A: 0 0 11 
B; 0 10 1 
AB+AB: 1001 

Refer back to Chapter k again if you have to, but AB + A B is what we need 
And Check the diagram of MacMne which pn^duces AB . A B as it. output. 




MACHINE Ih 



Per^^ps youUl recall that AB . A B La also the warrior's statement in the 
lady.tLger problem of Chapter 6. 'i^at p«)biem and this modified hall light " 
problem are ti;e same mathematical problem. They differ only in the 'meaning' 
ar^signcd to ti.e various sequences (truth tables or electrical signals). 

Next consider the problem of a hall light that has to respond to three 
awitches A, B and C. If the light is off when all three switches read off 
then it will have to go on when any one of the three switches is turned on. It 
Will W to go Off again iV any two switches read on, but must come on again 
when all ti:roe switches road on. aWaH it over care^^al^, but the required 
be^iavior is summarized In this table where, as usual, Q means off and 1 



...i?fMine on. 



Switch A: OOOOlill 

Bwitch B: OOilOOil 

Switch C: OlOlOiOi 

Hall light: 0 11-01001 



ERIC 



Can w design a machine which will output sMch u signal? If no inspi^-ation 
etrilses instantly, then there is always the method of products. To produce 
ones in coluans 2, ^, 5 and B the basic products listed below will do. 
Verify this by referring baclt to the eight distinct columns of Chapter k, 

ABC OlOOOOOO 

ABC 00100000 

ABC 00001000 

ABC 00000001 

The hali light Bignal can, therefore, be achieved by adding these four products 
together. 

ABC + ABC + ABC+ABC 

But this would be a fairly expensive machine, requiring eight times boxes, three 
plus boxes and three dashes. It«s only human to hope for simplifications. Un- 
fortunately, very little simplification is possible in this example. We could 
regroup our four products into two pairs, 

(AB + A B)C + (A£ + AB)C 

which eliminatos two times boxes. This also allows ub to use two machines we've 
designed before, for AB + A B and for aS + AB. The following Machine 15 
shows big >oxee labeled AB + A B and AS + AB. You know what's inside of 
them, or can easily look back to find out. As usual, check this machine to be 
sure you agree it's correct for the Job* 



AE + AB 



9 



AS + AB 



B 

C 



MACHINE 15 
T7 



EMC 



fEOaiai 7. De«i«D « mchiae >±ich hae this output pattern. 



A: 0 0 11 
Bi 0 10 1 
Output; 10 11 



In vords, the output is supposed to be hot except when A is cold 
and B is hot. One solution, usin^ basic products, is 



Oitput - A B + AB + AB 



but this uses more boxes than are necessary. Find a design ^ch 



uses only two x or 



boxes. 



PBGBLEK 8. Design a machine which has this output pattern. 



A: 

B: 
C: 

Output; 



00001111 
OOllOOli 
01010101 
00010111 



notice that the output is hot only when the majority of A, B and 
C are hot. Four basic products will surely do the Job here, but 



find a design which uses only five +, x 
PROBLEM 9. Machine 16 has lost its labels. 



or 



boxes. 



B 

C- 



MACHIUE 16 



To find out what it contains the brute force method of testing all 
possible input combinations is used. These familiar sequences in- 
clude the eight possible combinations. 

A: 00001111 
Bi 00110011 
Ci 0 i 0 1 0 1 0 1 
The output sequence proves to be mostly hot. 
(Xitput; Oil I 0 

From this evidence can you diagram the machine? (Hint: There are 
Just six +, X, - boxes involved.) 
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' ....... ^ ...-v. ... ... , ........... , . .^v™ m'?. 

So auw 0 and 1 have three «meanini5S,* the iateet being cold for 0 
and hot Tor !• And sequeuet-s also have three meaniugsi as truth tables, as ^ 
membership lists, and as electrical signals • And the mysterioufi 1 ^ 1 « 1 
has a third translation, as hot tiot - hot, Tiie message of Chapters 6 to 8 
ImB l^een that our abstract game seems to be perfectly modeled for applications 
of tluree <iaite different-looking types. Historically it is the applications 
wiiich came first, developing more or less independently of each other. Later 
the deep analogy between Lhem was gradually recognised and the abstract game 
begen to develop. Each application then served to help the others and strategy 
grew citiieKly, another example of *in union there is strength.' Progress from 
applicaticnis to abstraction is characteristic of mathematics. 
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Cliaj.tur 'J 
UESIGNING A COMPUTER 



9.1 binary Symbols for Numter£. 

Our fcitory now takee a suii)risin^ turn, in the direction of ^ordinary* 
aritiimetic. Ordinary aritimetic is a aac^h better-known game tton seiuence 
ftrltlimetic, aad a more comijlicated one* The pieceis with which It is played 
are called numbers and, like aoy other t^ame, it iuus its own baisic rules and 
stratefc^* Starting from i3U>:h simple and traditional origins as 

1 + 1 - 

the gajue proK.recG«.'.-. ultimately to the sophisticated iieights of calculus, and 
beyond. It will reassuring to hear, however, that only the basement level 
or tiiat towffrliii; iikj'^-i'ap^'i' ^i' theory will be involved here. 

Tiic riri.^t tbln^.t, we will need aix' called the binary symboijs for numbers. 
Decimal : oi/ arc, ol' cour^^e, more popular, at least with human beings. 
Ar.iiurn*' Mk.' i^yinboia 0 to '> to the simplest numbers, the decimal system 
«ucu u Ihc idea of position value to build symbols for more compiicatcd num- 
bers* everyone knows ijeri'ectly well, 

rt*prei.it*ati; the s'umldnatlon 

X 1000 -t- •> X iOO 4- 6 X 10 + b X i. 

The key tiymbolr> in this system are 1, 10, 100, 1000, and so on, the value of 
the digit I increaiiing tenfold with each sijhift to the left. The binary sys- 
tem ikj vex-y ciiniiar. It ur.eo only the digits 0 and 1, but ^xDsition value 
xx^maiiis the central idea. Here are a few of the key binary symbols, accomr^anied 
by :.aeir decimal translation!;. Notice that the value of the digit 1 now in- 
urfcaucs twofold with each shift to the left. 



Binary 




Decimal 




0 


0 




1 


1 


1 


0 




1 0 


0 




1 0 0 


0 


8 


i 0 0 0 


0 


10 


1 0 0 0 0 


0 
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Juat aa with Oeciaals, the binaiy symbpis for other numbers can be fashioned ty 
chCKSiing Buitmble coat iaat ions . 

Binary Deeiaal 

11 3 « 2 + 1 

10 1 5* « 4 + 1 

1011 11 = 8 + 2 + 1 

1 1 0 0 1 0 50 - i2 + 16 +. 2 

In the last example the three I'a translate to 32, 16 and 2, and 
110010 is an alias for the number we call decimal 50. 

The idea of binary eyabols is basically a simple idea. It can be extended 
with very little difficulty to the other numbers of ordinary arithmetic. For 
instance, a minus sign still denotes a negative number, so - 1 0 is binaiy 
for -2. And 

,1 

represents the sane number as i, while 

.01 

is an alias for |. Since we will be using integers only, there is no Immediate 
need for detailed exploration to the right of the 'binaiy point.' 

PROBLEM 1, Translate fjMm decimal to binaiy. 

Binary Decimal Binaiy Decimal 

6 = k 2 
7*^+2+1 



15 

17 

9 28 
10 



PROBLSM 2. Translate from binary to decimal. 

Binarj^ Decimal Binary Decimal 

i ^ - 1 1 1 1 1 1 

ilOO 100100 

lOlOO 101101 

1^00 .\ 1 1 1 1 1 1 
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SaDBLEH 3. Suppose three subsets A, B aad C have these membership liata. 
{The top row aives each member a nuaber, fzw 0 to ?•) 



0123^567 



A: 00001111 
B: 00110011 
C: 01010101 

It*fi eaay to discover that this puts one mefflber into each of the 
eight basic products A B X B C, A B C, and so on. It's also 
eaay to see that each member's number is duplicated in binary in 
the column underneath his number. (Under 3^ for example, y<^ 
find Oil,) Write the number of each member in the part of 
standard subset diagram ^Aere he belongs. (Members 3 and k have 
already' been placed.) 



This explains the numbering pattem used in Chapter ?• ^ou may 
want to extend the pattem to two-subset or four-subset diagrams. 



9,2 Binary Computing t 

Next let^s notice how easily the sums and products of ordinary arithmetic 
can be computed using binary symbols* For sums, the four basic facts are these. 

0 0 1 1 

0 1 0 +_1 

0 1 1 10 

Tiie last of these is our old, familiar i 4 1 = 2 in binaiy translation, and 
it i^hows that whenever we face the sum 1^1, we are going to have to ^put 
down 0 and carry 1^* Just as with decimal symbols the B\m 5 4- 7 * 12 
9111^1^ US 'put down a and carry 1.* The technique will look very familiar 
to you* Ifere are a few illustrations. 

10 10 10101' 101 

X 0 0 1 0 0 111 

1110 11001 1100 
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In the first iUustratioa there are uo carries at aU. In tiia aecc-id there is 
juijt or.e, and ^t aiaouiitis to binary traaslatiou or V + 4 _ 5. The third ia- 
volves several L-arries vidah can be siallarl^ explained. You jau see tliat 
binaiy addiog is a sini.->le enough process. 

A somewhat dii'feren- view of tMs matter of carries rates at least i,av.sinQ 
..^'sation, because it exi-oses new mathematical horizons. Wnenever the sjum 1 + 1 
. ^^ars in a coluan, then as far as tiiat particular eolimii is concerned the sum 
is 0. Of c-jar'^e, we know that 1 + 1 is really 10, or . if you prefer, 
at least in ordinaiy arithmetic. But _Lhe two is thro^ away , into the next 
columi to the loft. It becomes a carry. In decimal computations tens are 
thrown away, intu the next column to the left. The idea of throw-aways has 
turned out to '^e surprisingly usel\il, with the result that the inevitable pro- 
cess or abstraction has run its course. »Throw-away aritiimetics' are now of- 
ficial parts of the collection of g£ ,ies that we call mathematics. In particu- 
lar, 'ttirow-away twos' is ployed with only two j.iocee, 0 and 1. Its basic 
i-ules iiK-ludo no surprises except for 

1 -t 1 0 

from which it iiets its name. A. you'll see shortly, binary computations are 
VQi-y popuLar with electrical escalating machines, so tiiat 'throw-away twos' 
sees heavy, but more or less out-of-sight, action every time that a carry U 
made. Throw-away arltiimeticrs also have other more exotic and Ic;:.; obs.-urcd 
applications, to the {^reduction of random numbers for example, and to tiie de- 
sign or experimental patterns, h^-t tiiat's another story so list's ^et back to 
our seq.ucnces of zeros and ones. 

Here is one self-explanatory example of multiplication ^sin& binary symbols. 

10 11 

I 0 1 



10 11 
0 0 0 0 
10 11 



110 111 
In decimal this would read 11 x 5 = 55. 

The other operations of ordinary aritiir.ntic can also be |;erfomud wltii 
feihaiy syiabols, but .e won't go into the details here. 
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HtOBLEM km Perform these additiooB. Also translate to cieciaal* 

iOlO iiO 11 10101 

1 Q 1 1 10 1 1 1 10 111 

PRCBIiiM Multiply 110 by 10 1. Also translate to declml. 

9.3 Th^ Hall - Adder . 

Nov we come to the reasons for this excursion into binary symbolism. All 
these O'g and l^s must be at least slightly reminiscent of sequence arith- 
metic. A binary symbol such 

10 110 1 

ie a sequencje of zeros and ones. It's true tliat in this chapter you've been 
asked to interpret this sequence in anotlier new way, but it's still a sequence 
of zeros and ones* Witi: punciied cards, of the sort mentioned in Chapter 8, we 
could even convert tliis sequence into elei^tricity, 

h c h h c h 

evnd our old friend the number ^+1; (decimal) would take a form that an electrical 
iLaehine can understand. T^iat'c pur first point* Binary sytEibols can be u^sed to 
niake the numbers of ordinary aritiimetic understandable to electrical machines. 
Miich of those six '.^ards should be punched to translate into electricity? 

□ □□□□□ 

With numbers represented in electrical form it isn't too big a Jump to the 
de;jign of an electrical machine that will do computations. Take the operation 
of addition. Wliat would a machine have to be able to do in order to compute 
sums as we did Just a few moments a^^o? Principally it would have to know how 
to liandle the four basic sums, 

0 0 11. 

+ 0 I -f 0 1 

because computet ionu involve repeated Jiandling of these four. In each case it 
im&t know vliat to 'put down* and what to 'carry.' The facts are simple enough 
to be summarized In the four colujims of this kittle tablt^. 

A: 0 0 11 

B: 0 10 1 

Record: 0 110 

Cariys 0 0 0 1 
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The two disits to be added are called A and B« For added dignity, the 
tttb.e uses the word 'record' instead of «put down.' Examine these columns to 
be sure you a^ree that they properly present the facta of addition. Then iet»s 
concentrate on the row labeled ^record.* When should a 1 he recorded? Only 
when the two diglti^ to be added disagree ! Tiiat laay hit a resonant spot in your 
nemory. Our four coiuwis here are the same four distinct lands of column that 
we've encountered before. And record takes the value 1 only in the two col- 
umns where A and B disagree. Do you recall ttiat such behavior arises in 
sequence aritbaetic when 

AB + AB 

is computed? . And for computing such a sequence we have already designed (in 
Chapter 8) at least two electrical machines. Ai^ one of those machines can now 
be used to produce the proper record. We simply have to offer it A and B 
as inputs. But we also need a carry, so look at the bottom row of the above 
table. The only 1 is in column four, where A and B are both 1. This 
behavior nay recall the product 

AB 

of sequence aritJimctic. So a simple x box will produce the correct carry as 
output, ^iven A and B as inputs. To obtain both cf the outputs we need, 
the following machine will r.ervL-. It is called a half -adder. 




Record 



Carry 



HALF-ADDER 



This machine .-an handle only two digitc. It will take a -cmbination of half 
adders to oompute an ordinary r,um. 



9'^ -An Adding Machine . 

SuppoQis these four-digit numbers ar? to be added - 
eitiior a 0 or a I. 

A, A^ A^, 

h S ^ h 



Each A or B is 



ERIC 
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Let me try to convince you that the folloving maclune is up to the Job* It 
will be easier tiian a first glance might suggest* 



or 









H 







H 



l_J 



H 



H 



H 



i 



H 



1 \ 



3 



B, 



H 



0 



The letter H rcia'csents a liaif -adder. 

The best way to understand this adding machine is to actually follow it 
through a ty{)ical computation. Take these nusibers. 



B 



0 10 1 



A few momenrc ago ve added them and got 110 0, conf inaing the fact that 
5-^7 is still 12* For the machine to duplicate our effort these A*s and 
B*D must be brought to the eight input contacts. At the top of the diagram 
you can see l*s and O^s (for hot and cold) labeling the appropriate vires. 
Other l*s and 0*s indicate the repercussions within the machine, Follov 
the action slowly from right to left, just as though you were doing the ccm- 
putation by 1-iand, With record coming out of the lower right of each H box, 
and carry coming out of the lower left, you will find that the machine takes 
exactly the same steps that you would take, and hopefully arrives at the same 
x*esult# That result appears at the four output contacts, at the bottom of the 
diagram. 

S, S,^ 3, - 1 1 0 0 

k i ^ I 

This machine was designed to handle binary symbols of four digits each* 
Notice the dotted lines which separate it into four parts. Each of these parts 
(except the one at the right) is called a tXill - adder . A full-adder takes the 
A amd B digits c^^ one column dind the carry from the previous column (to the 
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right) ao Inputs; It outputs om correct dicLl I'or the- cum and the carry for 
the next eoiumn (to the left). For serious coai-utiag a mcMue met i^andXc- 
symbolB of roughly forty binary digits (bits for short). To do this, more 
i-ull-adders wiii ir^avc to be addc-d at the left of our dia^rruni, until the .el- 
ected capacity U reached. Whatever capacity is selected, it is, of course, 
possible to offer the machine nuosberc whose sum will exceed that capacity. In 
our simple four digit machine any sum over fifteen viil do Just that. Such a 
i3um viii produce a hot cany out of the leftmost + box, causing the 'overflow* 
light to come on as a varning that a mo^t important digit, the one with tlie 
highest rocition value, has Just escaped from the computation. As an example, 
follow the computation 



110 0 
+ 0100 



through the machine. The cverriou li^i.t .hould co on. W.at sum does our 
Machine produce? 



Comj.iuter Science. 

One Kiethod of computint^ ^uiru: el^n.tricaily hac juct been outlined. Tiiere 
are many altornative methods. It is also i.o.si.ie to de.icn machine, whi.h 
pcrfoi-n the other oi^-rationc of ordinary aritiunetic, and macninec which per- 
fom various related chores uhich wlJi be dec^^rlbed in our next and final 
chapter. By connect Ln,; these various machines to^;ether, a remarkably versatile 
device can be constructed, capable of doini: almost arjythinc ariti:meticE.l, and 
at electrical speed. The literature of eomputint machine design carries the 
fall story and -an W studied by embryo computer scientists. The main point of 
this .'liapter har, been that binary symbols oifer a way by whicii numbers can be 
roF-resentcd electrically, as sequonces of zeros and ones, and that sequence 
aritlwietic, in wiilch 

1 + I -■ 1 

plays a basic i-ole in the desien of electrical ma-nines vhlch do correct com- 
imitations for a different aritfmietlc in which 

1 i 
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HiOBI^ 6. Let A, B and C denote the three inputs to a full-adder, C :~ 
being the carry from the previtms column. The usual three sequences 

A: 0 0 0 0 1 1 1 1 

B: 0 0 1 1 0 0 1 1 • 
C: 01010101 1 

display the only eight possible combinations a l\iil-adder can ever 
face, one combination in each column. VQiat should the outputs of 
the full-adder be for each of these combinations? 

Record: 
Carry : 

Convince yourself that the following symbols of sequence arithmetic 
properly represent record and carrj''. 

Record ^ABC + ABC + ABC + ABC 
Carry AB + BC 4- CA 

Design an alternate full-adder from the above two syinbols. Doec it 
appear to be simpler than the design given in Section SJ^, or not? 

PROBLEM ?• Use our theorems to convince yourself that the following design 
also represents a correct full-adder. 



B 




record 



carry 



HJOBLiJJ 8, S^K>v that vliat the full- adder described in Gectlon 9 A actually 
computes are 



Record ^ {{A t B)AB 4^ C](A B)ABC 
Carry AB 4- (A + b)ABC 

and use our theorem to verify tiiat these arc^ aliacoi:' for the 
sy^ahois of Problem 6. 



ERIC 



89 



Chapter 10 
THE COMPUTER IH ACTION 



10.1 Mexaory * 

The previous chapter iias suggested that it is possible to design an elec- 
tricmi machine which can perfom the operations of ordinary arithmetic. Not 
only is it possible but, as most of you knov, thousands of such machines already 
inhabit our planet. Tlie computing abilities of such machines would be largely 
wasted if they were unable to * remember* the numbers involved, and so, many ways 
tiave been devised to provide machines with memories. Ail that is needed is a 
way to preserve electrical se(iuences, so that they can be retrieved when wanted. 
One of the easier devices to picture in your mind consists of rows of magnetiz- 
able spots. This little memory, for cxainplf (black spots magnetized, white 
spots not), 

o o • 
o • o 

• CO 

• • • 

can be translated for human computers into 

0 0 1 
0 10 
10 0 

111 

and, if you want to, you can find a connection between this miniature memory 
and the three-way liall light of Cl';apter 8, A human computer uses his brain, 
assorted sheets of paper, and jierhaps still other apparatus in various stages 
of dieorganl-Eation/ for memoi^y. In a machine, however, the sequenc^^s of zeros 
and ones are neatly stored in rows of uniform len^h, one sequence to a row. 
Each row is called a memory location and numbered for easy reference, using 
ttnaiy i^mbols. Tae four locations above could be labeled 00 1, 010, Oil 
and 10 0. A larger memory appears belcv. It will serve as the conversation 
piece or this chapter* The n^jnory itself consists of the colxjmn of nine-value 
sequences in ti^e center. Location numbers, in biuaiy and decimal, i^iave been 
includc'd Lt the left, for your convenience as we refer back to this memory. 
Some explanatory phrases are also offered at the right, but these will not be 
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clear until later. This coiiectioa of ones and zeros will look fonaidaLle at 
first sight, but it is a tiny memory by the standards of surXoos modern com- 
puting. 





Loout ton 


Seq.uence 


Exi ianation 


f 

I 


0 0 0 0 0 1 


0010 1000 0*' 


1 Add an X number 


n 


0 0 0 0 1 0 


010010011 


L to SUM, 


i 


0 0 0 0 1 1 


01101000 0^ 


1 


k 


0 0 0 1 0 0 


00101000 1"] 


1 


'> 


0 0 0 1 0 1 


010010010 


y Add 1 to CCOKT. 


6 


0 0 0 1 1 0 


OllOlOOOlJ 


i 


7 


0 0 0 1 1 1 


111001111") 


f Is COUliT less 


8 


0 0 1 0 0 0 


llOOOlOilJ 


^ tlian ? 




0 0 1 0 0 1 


100010000 


Mo. Punch SUM. 


10 


0 0 10 10 


000000000 


Stop . 


ii 


0 0 10 11 


0*1000010^ 


Yes. Modify Instruction 


12 


0 0 110 0 


010010010 ! 


^ numi)er 2. 


IJ 


0 0 110 1 


OllOOOOioJ 




Ik 


.001110 


101000001 


Jump back "to i. 




0 0 1111 


000100000 


THIRTY- TWO 


16 


0 1 D 0 0 0 


000000000 


SUM 


17 


0 1 0 0 0 1 


000000000 


coum^ 


la 


0 10 0 10 


000000001 


ONE 


iv 


0 10 0 11 


011001111 


\ 




0 10 10 0 


illlOlOOi 




1^1 


0 10 10 1 
0 10 110 


011000011 
lOlOOl 110 




(Loeatiorm to 1;0 n: 


re filled /ith other cequences tliat wili be called 


oimjiiy 


X. , X, , up to 







10.2 Instructions . 

If machines are to perfona arlttaeticai taur.^ for human musters, then c 
munications between raan and machine must be establisjhed. A iantjiage under- 
standable by both mist be devised. The machine must be told wtxat to do. It 
needs Instructions . As a matter of fact, some of the sequences in the above 
memry utq instructions. It is only necessary that ve and the laachine both 
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anderatand tlie L&agu&ge. These instructions, can he explained to you in mod-^ 
erately plain Englishj but th?y will have to t^e explained to the machine 
proper electrical wiring. In previous chapters we*ve designed machines for 
adding numbers as veil Tor various simpler tasks. Here we will need similar 
i&achiues for understanding and executing eight typ^s oT instruction, but we'll 
leave the details of design in the capable hands of computer scientists and 
focus our attention on a strictly human to ^^^^wtf''^ understanding* Taking last 
thiuijs first, one type of instruction is 

000 STOP 

the last six digits of the sequence being irrelevant. As indicatedj 0 0 0 
telle the computer to stop, A more typical kind of instruction is 

0 0 1 _ ^ Copy the sequence which is now in 

location into location 

0 0 0 0 0 0, erasing the previous con- 
tent of 0 0 0 0 0 0 first. The 

sequence originally in ^ ^ ^ ^ 

should be in both locations after this 
instruction is executed. 

The E;iglish translation is at the right. Notice that of the nine digits in the 
instruction, the first three indicate what kind of Job is to be done (O 0 1 
means a copying Job) and the last six indicate a memory location which is In- 
volved. Location 000000 is a special mvnnry location which sees a g^* ul 
deal of action once tne computation gets underway. This will all be nuch 
clearer when we have followed the maching in action for a while, as we will 
shortly, but let*s Just list the other instruction types first. 

0 1 0 Add number in location ^ to 

number in 0 0 0 0 0 0, leaving content 

of unchanged. The sum 

should appear in 0 0 0 0 0 0- This 
addition is a binary computation, using 
full-adders as described in CSiapter 9# 
and not the simple 1 1 « 1 addition 
of Chapter 2, 

Oil Copy sequence now in location 

0 0 U 0 0 0 into location , 

erasing any |irevious content of 

. The sequence originally 
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in 0 0 0 0 0 0 i&houid be in both 
loc:ationB aTter this instruction is 
executed. 

JUnch the sequence in onto 

a card, (The sequence also reineiins in 
location for future uae.) 

^ TaKe the next instruction from location 

^ (This breaks the normal 

routine, in whicii instruct ions are 
taken from consecutive locations. It 
is called a Juiap instruction,) 

^ ^ 0 Take the next instruction from location 

if the sequence nov in 

location 0 0 0 0 0 0 is negati^re. 
Otherwise follow the normal, consecu- 
tive routine. (Tliis requires the 
machine to make a decision,) 

i ^ 1 Subtract the sequence in 

frm the sequence in 0 0 0 0 0 0, 

leaving content of unchar^ged. 

The difference should appear in 
0 0 0 0 0 0. 

Sow iet»s watch the action as these types of instruction are executed. 



10.3 A Program ^ 

Kie sequences in the memory exhibited in Section 10,1 give the computer 
full instructions for perfoming a particular arithmetical job. a:ch a set of 
instnictious is called a program . Let«s see what Job this program spells out. 
Tlie first instruction is in location 1,, the next in location 2, and $0 on. 
See if you agree that this io what iiappens when the first three instructions 
are executed. 

1. 000^00000 appears in location 0. 
2* OllOOllll appears in location 0* 
3' OllOOllll appears in location l6. 
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The iciiucaces in locatioM 16 and 19 have been added, and the sum (X^^) 
has been stored In location 16. Try the next three instructions in our com** 
puter oeaiory. Here is vhat they achieve. 

^4. 000000000 appears in location 0. 
^. 000000001 appears in location 0. 
6. 000000001 appears in location 1?. 

The ooiapater has * counted' from 0 to 1 in location I?* Take the next two 
instructions together. When a set^uence stands for a number instead of for an 
instruction, the first digit is used to indicate the sign, 0 meaning a pos- 
itive number and 1 a negative number. The other eight digits are the binary 
symbol for the number itself* As instruction 7 cones up the sequence 
000000001 is still in location 0. Sibtracting 32 will produce a 
negative jl. 

?• lOOOlilii appears in location 0. 
8. The computer 'jumps' to location eleven. 

Instructions 9 and 10 are bypassed for the moment. Kov comes a cnxcial 
development. Take three mare instructions together. 

11. UlOOlOOll appears in location 0. 

12. 010010100 appears in location 0, 

13. 010010100 appears in locacion 2. 

Tl i e content of location £ l\as been modified . In a moment the computer will 
be exerting instruction 2 again, and you should note the effect of this mod- 
ification. We* re up to instruction Ik 

Ih, The computer * jumps* to location 1. 

We've watched one trip through what is called a •loop.* Let*s watch one more 
trip. 

1. 011001111 appears in location 0» 

2. 100011010 appears in location 0 

3. 100011010 appears in location I6. 

The sequences in locations l£ and 20 have been added, and the sua (Xj^ t 3^) 
^hfts been stored in location 16. * 

4. 000000001 appears in location 0. 

5. 000000010 appears in location 0, 

6. 000000010 appears in location 1?. 

The coi^uter has counted frcaa 1 to 2 in location l?* 
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( ♦ 


1 0 


0 0 L 1 1 I 0 bppearc in location 


0. 




The 


coffljHiter Jwnpb to location elevea. 




11. 


0 I 


0 0 1 0 1 0 0 appears in location 


0. 


12. 


0 1 


0 0 10 10 1 appears in location 


0. 


13. 


0 1 


0 0 1 0 I 0 1 appears in location 


2, 



The irujtruction In location 2 has a^ain been jiK3diried, 
l4, Tlxe oQdputur Jusy^s to Igcation !• 

And two trips tlirouHh the Uoop* iiaw been completed. Further trips I leave to 

you to follow in detail. 'ITie third trip will firfst bring the sum X -f X + X 

1 1? ^ 

into location 16. Then it will raise the ccHint in location 17 to three. 
Finally, It will n^dix*y the instruction in location 2 to read 0 10 0 10 110 
Convince yourself of these things and then convince yourself that the cum in 
location 16 will continue to develop until it includes whatever numbers have 
been stored in locations ly through ^Q, at which point it will be 
^ ^2 ^ ^32' 'thirty-two numbers will have been smmned. An iraijortant 

change will then occur. The coc^^utation will break out of the loop! Do you 
see how that l^iappensj? On the thirxy-second trip through the loop, ai^er all 
thirty- two numbers have teen summed, the count (in location 1?) will climb to 
32. Tlien notice the i-esult of executing instructions 7 and 8. 

7* 0 0 0 0 0 0 0 0 0 appears in location 0. 
The computer decides not to Jump- 

For the first time it refuses the Jump, because now the number in location 0 
is not negative. Instructions 9 and 10, which have been bypassed thirty- 
one times, finally get their turn. 

9« Tne c<mputer punciies out the final sum. 
10. The computer stops. 

Its assigned Job hac been completed. As you can now see, that Job was tiie 
summing of thirty- two numbers. 

To summari2;e the action, a flow chort is a helpful and common device. 



Here 


is flow cliart 


for 


this pragram* 




Read prcgram 




Add on X 




into me^riory 




number to 




And START. 




SUM- 



Add 1 to 
COUNT* 



Modify 
Instruction 
number 2s 



I 



l3 COUNT 
IcGS than 
32? 



Punch SUM. 
STOP. 
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The loop is clewriy vteible. Arter thlrty^one complete trips around this loop, 
the ^Nb* exit is taken and the loop has been broken* It takes a modest effort 
to see clearly ail the details or this electrical «joaputatioa. But once you've 
isastered those detaiio, the pre'^'igp logilc of the i^rcgram has an aiisoct aesthetic 
appeal • 

Two final rcjsurr?^ S2cy be useful. Plainly a sequence may be either a num- 
ber or an instruction. How effe^jtively this fact ic exi)loited can be seen by 
recalling the modif i'/ations made to instruction P. By treating thlt; sequence 
as a number J and adding one to it, the machine converts the sequence into the 
deoircd inctructlon for the nt^xt trip around the loop. Tliic versatility can 
also lead to catastrophe, as you will soon see. Ttie second renark is this. 
Tlie prot^ram oouid carily be modified to sum a million or more numbers instead 
of just thirty-two. CAir i^resent niaehine, hov^ver, has its limitations. Menwry 
locations 'A to ^ 3 were not used, so with a few changes thirteen more num* 
bers could haVL- i.cn a<:<jommodated. ^Phirty-two is such a pleasant number in 
binary that thli: *'xtra c-apacity was ignored in example, but see Problem 13» 



1 • h A A tjnt 'i- Mortem . 

It Is ecicy to cee tliat ti^e tiniest i-rOL^ram error, a single 0 where there 
iiLouid be h i ur vice versa, -an produ t a catastrophe # As an easy example, 
wiiat would hapiien if thu sequence for location 1 were mispunched and entered 
the computer as 00001000 0, the error being in the third digit? You 
prot^ab^y cot- at on^-e tiiat tiiic makes tiie very first instruction a stop instruc- 
tion. Tlie •omputatLon will never even get started. Wien the start button is 
pushed, it may appear tlAt the computer imc not been plugged In. But exper^ 
ience has nhown that wlien a program falls to run properly it is usually the 
program and not tho machine which Is to blame. We Just Investigated the effect 
of a known error in a hnown location. But hunting down a program error is 
usually hard wi^rR and ways liave been found for the computer to^ assist in the 
search. Our proi^ram is so brief tliat In the event of trouble we could ask the 
machine tu punch out the entire memory for our Inspection. In a more serious 
problem such a 'memory dump* would be too volumlncms to be helpi\il^. and more 
sophisticated detective work ir* i*alled for. Here is a ty{)ical, but simplified, 
example. 

Sup{>ooe we know that our program should take less than a minute of the 
machine's time. It has been running, however, fpr three minutes and the oper- 
ator has Just stopped the ccsnputatlon. A program error Is suspected, but In 
which seaiory location? To find the error a • post-mortem' Is conducted. In 
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which the machine punches out the answers to our questions. Here ic a plain 
£iigil0h translation or the process. 

Question: Wl-.ioh was the last Instruction executed? 
Answer : Instruction In location 1:2. 

Tills is surely a discouraging reply. The sequenc-e in :^ supjuosed to be 

our number X^. The machine has interpreted it as an instruction . Some num- 
bers also make perfectly reasonable instructions and the sequence in loca- 
tion ::d 

loiooiiio 

means •jump to location Lk for your next instruction' Just as surely as it 
means 'negative 78- • So the machine Jias Jumped to location Ih. Let's fol- 
low it. 

Question: Wliat is the sequence in location 14 f 
Anawer: ICiOOOOOl 

Just what It should be, a 'Jump to location 1« instruction. 

Question: What Lt: thu sequence in location 1 ? 
Ariswer; 001010000 

Just vtot it should be, 'Copy £3UM Vvom location 16. « So we i-ollow the ma- 
chine to location 

Question: Wlmt is the sequence in location 'c' 7 
Answer: IQiOloilO 

Ouch J Tliis cioesu't re*iiotely resemble the 'add' instruction we thou^slit we had 
here. Instead it readxj 'Jump to location VP for your next instruction.' 
And now we know why the machine wouldnH stop. It liac teen patiently follow- 
ing instructions. Jumping from :::: to Ih to 1 to ; to over and over 

again, following an unintended loop. Tlie prot'iram error, which we still have 
not lo'atedi has sent the machine into a senseless, never-ending loop, in which 
it com{)Uted nonsense until the operator mercii'ully stopped it. Such futile anr 
unending loops ^lave been compared with human insanity. cXtr machine was unable 
to help itself, and required shock treatment (cutting off the electric power). 

Now we know vl^iat iiappened to our program. B»it ^i^? Either our socond 
instruction was incorrect wher it entered the conifiuter, or it was sj^lLed 
afterward. Let's try thv second possibility first. 

Question: Wliat sequences are in locations 11, and I3 ? 

Answer: 001000010 
010010100 
011000010 

9a 
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Thia iookB like the error! The middle sequence has a displaced !• It shoild 
read 010010010 ioatead. The effect of this misplaced 1 is cataa- 
trophe. This twelfth instruction vas supposed to alter instruction 2 by 
adding to it the seqtuence in location 18. Instead, it adds the sequence in 
location SOg and alters instruction 2 to the Jump instruction 

10" 010110 

that ve discovered a few moments Qieck for yourself that the misplaced 

1 In instruction 12 fully explains what hapi^ned to our program^ Follow the 
computation until it enters the senseless, unending loop. If in our post- 
mortem we had asked for the sequence in location 1? (the COUHT), what vnould 
the machine have answered? 

It is easy to see that comnamicatlon between man and machine is delicate 
work- It is also important work because of the large role which machines now 
play in business and science. Preparing correct programs has become a major 
area for the use of human labor. An enoxroous demand for skilful programn^rs 
has developed, to translate human thoughts into electrical language. To sim- 
plify thlc wurk, ways have been found to place a greater part of the burden of 
-anslatlon upon the machine itself, by means of other programs permanently 
aori^ed by the machine. Such procedures are called automatic programming. 
They ai*e already remarkably sophisticated, and what the ultimate will be in 
man-machine relations is impossible to predict. In one very popnlar system 
our program of- this chapter enters the machine as 

1 SUM = 0.0 

2 DO 3 I - li 32 

3 SUM ^ X(I) + SJM 

Amateur cryptographers will have little difficulty in breaking the code. 

PROBLEM 1. Show that if the sequence for location 6 entered the machine 

incorrectly as 01101000 0, then the seqyaence in location 
2 should ultimately become 01100000 0. This translates 
to 'copy the sequence now in 0 0 0 0 0 0 into 0 0 0 0 0 0.* 
TJie machine would not accept such an instruction. It would stop 
without punching out a sum, which would be your fii^t indication 
of trouble. In such a situation it might also have been taught to 
type out 'faulty instruction in location 2.* What sort of detec- 
tive work might discover that the fault is really with instruction 
6, not with instruction 2 ? 
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masmi 2. Shov that if the sequence for locatioa 5 entered the machine in- 
correctly M 01001000 0, then the machine would, as ex- 
pected, puBch out a sum and stop, but that the sua wnad be the 
wroi^ sum. This is the most dangemis kind of program error. 
Unless the machine operator noticed that this program took much 
less than the expected time to run its course, the incorrect sum 
might very weU be accepted as correct. Suppose an error is sus- 
pected. Can ym plan a post-mort«a? If you ask for the sequence 
in location 1? (the COUKP) what will the machine answer? What 
is the incorrect sum irfilch the machine produced? 

PROBLEM 3. Adapt our program to the summing of forty-five numlierB. X, to X, 
which have been stored in memory locations I9 to 63. Except for 
properly storing those forty- five numbers, only one sequence of 
the program would have to be altered. Which one, and what is the 
alteration? • 

Location New Sequence 



10.5 A Reminder . 

We*ve come to the end, and I think that a reminder of what my objectives 
have been is the most appropriate way to finish. They were: 

1. to offer a detailed view of one of the simpler, but important 
games which make up mathematics j 

2. to show that the game is played carefully and honestly; 

3. to show that the game is useful; it has applications. 

This is typical of the many parts of mathematics, and whatever part you study, 
you will find it helpful to look for the basic rules (need to know), strategy 
(nice to know), and applications. 
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Chapter 2 



Section 2.2 
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Section U^i and 4,2 



Cfhapter k 



A+BOlll aS 1110 

ABOOOl AB 0001 

AllOO ABOOlO 

BlOlO ABOlOO 



A+BIOOO AB 1000 

Section k.^ 
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Chapter 5 

2. (A + B + C)(D + E) AD + AE + BD + BE + CD + CE 

h. (A + B + C)(A + B + C) = AB + AC + BA + BC + CA + CB 

t>. AB + BC + GA = AB(C + C) + (A + A)BC + A(B + B)C = A B C + A B C 

♦ABC+ABC+ABC+ABC, etc. 
11. ABCD ABCD ABCD ABCD 

ABCD ABCD ABCD ABCD 

ABCD ABCD ABCD ABCD 

ABCD . ABCD ABCD ABCD 

Chapter 6 

1. Hy cat has fleas and wy dog has fleas; Viy cat has fleas or my dog has 
fleas; My cat does not have fleas; AC; B; A + C. 

2. V, S, X, Y, Z, T, W, U. 

3. Only on Tliesday. 

On Tuesday, Thursday, and Saturday. 

5. I, 0, A, A. 

6. All do. (See Tkeoreos 21 and 22.) 
7« Yes. (See Theorem ik,) 
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Chapter 7 

Ibifflber 6 beloofis to all fair subsets; number 9 belongs to none. 

011000000 Ij 000001000 0} 011100100 1; 
000000000 1; 100000001 0; 1111111111. 



3. 
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5p Theorem 12. 
6« Theorem l6« 
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Theorem 21 



Problem 9). 



9. 

10. 



Theorem 38 (see Problem 8, also). 



11. (c). 



Theoireja 39- 
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Ik. Bend the cylinder into a doughnut 
shape. 



Section 7»5 

7 on second try, 11 on third; 9 successes after a success; 2 fail- 
ures after a success. 
l|j. Opium eaters don't wear white kid gloves. 

Chapter 8 



1. 

3. 

7. 



Left to right, +, x; 2. 
A; i*. AB ♦ B = A + A + B; 
A + 1; 8. AB <• AC + BC; 



Theorem 10, Theorem 8. 
5. A + B; 6. A + E 
9. (A + B + C)ABC. 
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Cimpter 9 



1. 


110, 


1 1 1, 




1 1 


1 n 


1 1. 


2. 




12, 


20, 25, 


3. 










3 


1 






2 


0 




k. 


1 0 


1 0 


1, X 0 


5. 


L 1 


L 1 0. 



6 


2 


7 


3 


$ 


1 


4 


0 



Hecord: 01101001 
Carry: 00010111 

This full-adder uses more equipment than the one in Section 9.k. 
Record = ABC + (A + B + C)AB + AC + BC 

Carry =s AB + AC + BC 
This full-adder uses less equipment. 



1. 
2, 
3. 



Chapter 10 

Check the COUHT. It vill he zero. 

COUKT = SUM « 207. 

location 15: 000101101 
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